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GEOMETRY AND TOPOLOGY OF GEOMETRIC LIMITS I
KEN’ICHI OHSHIKA AND TERUHIKO SOMA
Abstract. In this paper, we classify completely hyperbolic 3-manifolds corre-
sponding to geometric limits of Kleinian surface groups isomorphic to pi1(S) for
a finite-type hyperbolic surface S. In the first of the three main theorems, we
construct bi-Lipschitz model manifolds for such hyperbolic 3-manifolds, which
have a structure called brick decomposition and are embedded in S× (0, 1). In
the second theorem, we show that conversely, any such model manifold admit-
ting a brick decomposition with reasonable conditions is bi-Lipschitz home-
omorphic to a hyperbolic manifold corresponding to some geometric limit of
quasi-Fuchsian groups. In the third theorem, it is shown that we can define
end invariants for hyperbolic 3-manifolds appearing as geometric limits of Klei-
nian surface groups, and that the homeomorphism type and the end invariants
determine the isometric type of a manifold, which is analogous to the ending
lamination theorem for the case of finitely generated Kleinian groups. These
constitute an attempt to give an answer to the 8th question among the 24
questions raised by Thurston in [Th2].
0. Introduction
There are two notions of convergence in the theory of Kleinian group: algebraic
convergence and geometric convergence. Algebraic convergence is a convergence
with respect to the topology induced from the natural topology on the space of
representations of a group into PSL2C. On the other hand, geometric convergence
corresponds to a convergence of the quotient hyperbolic 3-manifolds with respect
to the pointed Gromov-Hausdorff topology. One of the main topics in the theory of
Kleinian groups is studying the topological structure of deformation spaces. Defor-
mation spaces have topologies induced from the algebraic convergence. Still, their
singularities, for instance, those which are called self-bumping points, are caused
by difference between algebraic and the geometric convergences, as was shown by
work of Anderson-Canary [AC1] and McMullen [Mc2]. This suggests that studying
geometric limits is important for understanding the deformation spaces.
For an algebraically convergent sequence of Kleinian groups, its geometric limit,
which always exists by passing to a subsequence, contains the algebraic limit, but
may be larger than that in general. The difference between algebraic limit and
geometric one is first observed by Jørgensen and Marden. In [JM], they gave an
example of algebraically convergent sequence of infinite cyclic groups in PSL2C
which converges to a rank-2 parabolic group. This is a typical phenomenon for
geometric limits, and is a cause of geometric limits larger than algebraic ones in
more complicated situations such as an example of Kerckhoff-Thurston [KT].
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Kerckhoff and Thurston considered a sequence in the Bers slice of a quasi-
Fuchsian space of a surface S, parametrised as (m0, τ
nn0) ∈ T (S) × T (S¯) for a
Dehn twist τ along an essential simple closed curve c on S, where m0 and n0 are
arbitrary points in the Teichmu¨ller spaces T (S) and T (S¯). They took a sequence
of quasi-Fuchsian groups representing (m0, τ
nn0) so that it converges algebraically,
which can always be done by Bers’s compactness theorem, and showed that such a
sequence converges geometrically to a group G such that H3/G is homeomorphic to
S×(0, 1)\c×{ 12}. Here a tubular neighbourhood of c×{
1
2} in S×(0, 1) corresponds
to a Z× Z-cusp of H3/G where a phenomenon as in the case of Jørgensen-Marden
occurs. By iterating this kind of procedure, it is also possible to construct an
example of a geometric limit G′ of quasi-Fuchsian groups such that H3/G′ has in-
finitely many Z× Z-cusps as was shown by Bonahon-Otal [BO], (see also Ohshika
[Oh1]). In particular, this shows that the geometric limit of quasi-Fuchsian groups
of isomorphic to π1(S) with a finite type surface S can be infinitely generated.
Another important example of geometric limits of quasi-Fuchsian groups is given
by Brock [Br]. He considered a homeomorphism φ : S → S which is pseudo-Anosov
on some essential subsurface H of S and is the identity outside, and a sequence
parametrised as (m0, φ
nn0) in the Bers slice as in the case of Kerckhoff-Thurston.
He showed that the geometric limit of such a sequence is a Kleinian group G′′ such
that H3/G′′ is homeomorphic to S × (0, 1) \H × { 12}.
A natural problem arising from these examples is to determine what kind of
Kleinian groups can appear as geometric limits of quasi-Fuchsian group, or more
in general as a geometric limit of a sequence in the deformation space of a Kleinian
group. The purpose of this series of papers is to answer this question. In the
present paper, we shall consider only geometric limits of Kleinian groups isomorphic
to surface groups preserving the parabolicity, which are sometimes called Kleinian
surface groups. In Theorems A, which is the first of the three main theorems of this
paper, we shall give (bi-Lipschitz) model manifolds for geometric limits of Kleinian
surface groups and determine the conditions which the model manifolds should
satisfy. In Theorem C we shall show that these conditions are in fact sufficient, i.e.
that any model manifold satisfying the conditions in Theorem A is homeomorphic
to some geometric limit of quasi-Fuchsian groups. Combining these two theorems,
we characterise completely Kleinian group which can appear as geometric limits of
Kleinian surface groups.
Another problem is to classify hyperbolic manifolds corresponding to geomet-
ric limits up to isometries completely, which is the subject of Theorem D. The
classification problem of finitely generated Kleinian groups, which was called the
ending lamination conjecture and is now the ending lamination theorem, was solved
by Minsky, collaborating with Brock, Canary and Masur ([MM1], [MM2], [Mi2],
[BCM]). (An alternative approach can be found in Bowditch [Bow4].) Since geo-
metric limits of isomorphic non-elementary finitely generated Kleinian groups can
be infinitely generated in general as explained above, the ending lamination theo-
rem is not sufficient for our situation. Using our model manifolds constructed in
Theorem A, we shall prove that the homeomorphism type and (generalised) end
invariants are enough to determine the isometry type of geometric limits. Indeed
this is what Theorem D claims for geometric limits of Kleinian surface groups.
In [Th2], Thurston listed 24 questions in the field of hyperbolic 3-manifolds and
Kleinian groups which were open at that time. The question 8 reads “Analyse limits
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of quasi-fuchsian groups with accidental parabolics”. Otal in [Ot2], which is his
very informative and well-written review on this Thurston’s paper, interpreted this
problem as the one for analysing geometric limits of algebraically convergent quasi-
Fuchsian groups. The results of this paper give a complete answer to Thurston’s
question 8 interpreted this way.
There are applications of the results of this paper, which appeared in [Oh4] and
[Oh5]. In [Oh4], we used Theorem A to analyse which points on the boundary of
the quasi-Fuchsian space can be bumping points. In [Oh5], we studied a quotient
space of the Bers boundary of Teichmu¨ller space, called the reduced Bers boundary,
on which the mapping class group action on the Teichmu¨ller space extends contin-
uously. We refer the reader also to [Oh4] for the overall picture of geometric limits,
including the results of these two papers.
1. Main results
In this section, we shall state main results of this paper. We shall also give
definitions of terms which are necessary for stating the main results, and a short
outline of their proofs.
For a hyperbolic 3-manifold N , we denote by N0 the complement of the open
ε-cusp neighbourhoods in N for ε > 0 less than the three-dimensional Margulis
constant. Its homeomorphism type does not depend on the choice of a constant ε.
By the resolution of Marden’s tameness conjecture by Agol [Ag] and Calegari and
Gabai [CG], any relative end e of a hyperbolic 3-manifold with finitely generated
fundamental group is topologically tame, i.e. it has a neighbourhood homeomorphic
to F×(0,∞), where F = F×{0} corresponds to the frontier component of a relative
compact core of N0 facing e. It follows then from the results of Bonahon [Bon] and
Canary [Ca1], that e is either geometrically finite or simply degenerate: the latter
means that there is a sequence of closed geodesics tending to the end which are
projected in F × R to simple closed curves on F whose projective classes converge
in the projectivised Masur domain. However, in general, a hyperbolic 3-manifold
N with infinitely generated fundamental group may have infinitely many relative
ends which are neither geometrically finite nor simply degenerate. We call such
ends wild. To our knowledge, suitable invariants of wild ends which play the role of
end invariants for tame ends have not been known up to now. Still, we shall show
for hyperbolic 3-manifolds corresponding to geometric limits of surface Kleinian
groups, wild ends are controlled in some way and they are determined only by the
homeomorphism types, as we shall see in Theorem C.
Now, we are going to state our main results. The first theorem, Theorem A, says
that every geometric limit of Kleinian surface groups isomorphic to π1(S) has a bi-
Lipschitz model which admits a decomposition into standard blocks, and can be
embedded topologically into S × (0, 1). This gives also necessary conditions which
hyperbolic 3-manifolds corresponding to geometric limits of Kleinian surface groups
must satisfy. Before stating the theorem, we shall explain terms which will be used
in the statement. A detailed account of these notions can be found in Section 3.1.
A brick B is a 3-manifold homeomorphic to F×J for a compact connected essential
subsurface F and an interval J which is either closed or half-open. A brick manifold
is a union of countably many bricks Fn × Jn which are glued to each other along
essential subsurfaces on their fronts Fn × ∂Jn.
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In a brick manifold, we consider to attach to the end of each half-open brick
either a conformal structure at infinity or an ending lamination (i.e. a filling geodesic
lamination). We call the brick geometrically finite in the former case and simply
degenerate in the latter. Each half-open end of a brick constitutes an end ofM , and
the end is called geometrically finite or simply degenerate accordingly. The ending
lamination or the conformal structure attached there is called the end invariant.
The union of ideal boundaries on which conformal structures are given is called the
boundary at infinity of M , and is denoted by ∂∞M . A brick manifold endowed
with these end invariants is called a labelled brick manifold.
We say that a labelled brick manifold admits a block decomposition when the
manifold is decomposed into blocks in the sense of Minsky and solid tori in such
a way that each block has horizontal and vertical directions coinciding with those
of bricks. We also require the block decomposition for a half-open brick to accord
with its end invariant. The blocks have standard metrics and we can choose gluing
maps to be isometries. By identifying a solid torus with a Margulis tube which
is determined by information coming from the block decomposition, we can put a
metric on the labelled brick manifold. We call such a metric a model metric. (See
§§3.4 and 3.5 for details.)
Theorem A. Let S be an orientable connected hyperbolic surface of finite type. Let
{Gn} be a sequence of Kleinian surface groups isomorphic to π1(S) preserving the
parabolicity, converging geometrically to a non-elementary Kleinian group G. Then
there are a labelled brick manifold M with the following properties, which admits a
block decomposition, and a K-bi-Lipschitz homeomorphism from M with the model
metric to the non-cuspidal part N0 of the hyperbolic 3-manifold N = H3/G, with
the constant K depending only on χ(S).
(i) Each component of ∂M is either a torus or an open annulus.
(ii) There is no properly embedded incompressible annulus in M whose boundary
components lie on distinct boundary components of M .
(iii) If there is an embedded, incompressible half-open annulus S1 × [0,∞) in M
such that S1 × {t} tends to a wild end e of M as t →∞, then its core curve
is homotopic into an open annulus component of ∂M tending to e.
(iv) The manifold M is (not necessarily properly) embedded in S × (0, 1) in such
a way that each brick has a form F × J with an interval J and an essential
subsurface F of S with respect to the product structure of S×(0, 1) and the ends
of geometrically finite bricks lie S × {0, 1}. (We shall say that geometrically
finite ends are peripheral to refer to the last condition.)
We call the labelled brick manifold M in this theorem a model manifold for the
geometric limit N . It should be noted that a result similar to this was announced
in the introduction of the first version of Brock-Canary-Minsky [BCM]. By (iv), we
see that the geometric limit manifold N0 has at most −2χ(S) geometrically finite
ends.
The following corollary is easily deduced from Theorem A. It guarantees that
we can make use of a generalised version of Sullivan’s rigidity theorem proved by
McMullen [Mc1], which is crucial in the proof of Theorem D.
Corollary B. Let G be a non-elementary geometric limit of quasi-Fuchsian groups
isomorphic to π1(S) preserving the parabolicity for S as in Theorem A. Then N =
H3/G has at most countably many relative ends. Furthermore, there is an upper
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bound depending only on χ(S) for the injectivity radii at points in the convex core
of N .
The next theorem claims the existence of a geometric limit which is bi-Lipschitz
equivalent to a brick manifold with the properties in Theorem A provided that
there are no two simply degenerate ends with homotopic ending laminations.
Theorem C. Suppose that M is a labelled brick manifold satisfying the conditions
(i)-(iv) in Theorem A such that the ending laminations of two simply degenerate
ends of M are not homotopic to each other in M . (This condition is necessary
only when M is homeomorphic to F × (0, 1), for a compact essential subsurface
F of S since ending laminations are filling.) Then M has a block decomposition,
and if we put on M the model metric associated with the decomposition, then there
exists a non-elementary geometric limit G of quasi-Fuchsian groups isomorphic to
π1(S) such that N = H3/G admits a K-bi-Lipschitz homeomorphism f : M → N0
which can be extended continuously to a conformal map ∂∞M → ∂∞N between the
boundaries at infinity for a constant K ≥ 1 depending only on χ(S).
We shall often use the term “uniform bi-Lipschitz map” to mean that its bi-
Lipschitz constant depends only on χ(S), and hence is independent of the end
invariants.
By applying Theorem C, we can construct various examples of geometric limits
G of quasi-Fuchsian groups isomorphic to π1(S) such that N0 has infinitely many
simply degenerate ends and infinitely many wild ends simultaneously.
The last theorem is a classification theorem which is analogous to the ending
lamination theorem for finitely generated case.
Theorem D. Suppose that G1 and G2 are non-elementary geometric limits of
Kleinian surface groups isomorphic to π1(S) preserving the parabolicity. If f :
H3/G1 → H3/G2 is a homeomorphism preserving their end invariants, then f is
properly homotopic to an isometry.
Remark 1.1. In the beginning of the present work, we tried to use more classical
topological approach involving only hyperbolic geometry to study topological prop-
erties of geometric limits of quasi-Fuchsian groups. Subsequently we found that, by
invoking the bi-Lipschitz model theorem by Brock-Canary-Minsky, it is possible to
simplify proofs of some results and moreover to obtain a deeper result on geometric
properties of geometric limits. Therefore, we have changed our original plan and
adopted the method relying upon work of [Mi2] and [BCM]. On the other hand, we
have noticed that our original approach on geometric limits gives rise to a rather
short proof of the bi-Lipschitz model theorem. See Soma [So].
Now, we shall outline the proofs of the main theorems. To prove Theorem A,
we shall first apply Minsky’s bi-Lipschitz model theorem to each H3/Gn and get
a model manifold Mn which can be decomposed into blocks with a bi-Lipschitz
homeomorphism gn from Mn to (H3/Gn)0. We define M and a bi-Lipschitz home-
omorphism from M to N0 to be the geometric limits of Mn and gn. We shall verify
that these satisfy the required conditions (i)-(iv) one by one, among which the most
difficult is (iv). Since M is the geometric limit of {Mn}, each union of finite bricks
can be proved to be embedded in S × (0, 1) preserving the product structures, but
this does not imply immediately that the entire M can also be embedded. We shall
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need to rearrange the embeddings of sub-bricks by twisting them in such a way the
twisting stabilises on each brick as will be shown in Lemma 3.1.
Next we turn to Theorem C. We shall first consider an ascending exhausting
sequence of sub-brick-manifolds Wn consisting of finite bricks within the given la-
belled brick manifold M . These Wn may have very complicated homeomorphism
types, but we shall construct from the Wn brick manifolds Zn corresponding to
geometrically finite Kleinian surface groups by applying Thurston’s uniformisation
theorem for compact irreducible atoroidal 3-manifolds with boundary, whose geo-
metric limit is also M . We shall approximate these Kleinian groups corresponding
to Zn by quasi-Fuchsian groups, which are groups as we wanted.
Finally, we shall outline the proof of Theorem D. We are given two geomet-
ric limits G1 and G2 such that N1 = H3/G1 and N2 = H3/G2 share the same
topological type and end invariants. By Theorem A, we can construct a labelled
model manifold M of (N1)0. By our assumption, there is a homeomorphism from
M to (N2)0 preserving the end invariants. In Theorem 4.1, which is a generalisa-
tion of the bi-Lipschitz model theorem by Brock-Canary-Minsky [BCM], we shall
prove that such a homeomorphism can be homotoped to a uniform bi-Lipschitz
homeomorphism. This shows that G1 and G2 are quasi-conformally conjugate by
a quasi-conformal homeomorphism which is conformal on the domain of disconti-
nuity. The second statement of Corollary B makes it possible to apply McMullen’s
generalisation of Sullivan’s rigidity theorem and we shall be able to show that G1
and G2 are conformally conjugate.
2. Preliminaries
We refer the reader to Thurston [Th1], Benedetti and Petronio [BP], Matsuzaki
and Taniguchi [MT], and Marden [Ma2] for the general theory on hyperbolic man-
ifolds and Kleinian groups, and to Hempel [He] for the 3-manifold topology.
Throughout this paper, all manifolds are assumed to be oriented, and all homeo-
morphisms between manifolds are assumed to be orientation-preserving. When we
talk about a surface S, we always assume that it is a connected surface of finite type
possibly with punctures and χ(S) < 0. Sometimes, we fix a hyperbolic structure
of finite area on it for convenience. We denote by Σ0,3, Σ0,4, Σ1,1 compact sur-
faces homeomorphic respectively to a three-holed sphere, a four-holed sphere and
a one-holed torus.
2.1. The curve graph and tight geodesics. In this subsection we shall review
the basic terminology and results on curve graphs and tight geodesics. Most of
these are due to Masur-Minsky and can be found in [MM1, MM2].
A subsurface Σ of S is called essential if no component of the frontier of Σ is
null-homotopic in S. We regard S itself also as an essential subsurface of S. When
Σ is an open annulus we further assume that the frontier of Σ is not homotopic to a
puncture of S. We consider both closed essential subsurfaces and open ones. When
we consider two essential subsurfaces, we assume that they do not have inessential
intersection. If two essential subsurfaces are isotopic, they are assumed to coincide.
Let Σ be a connected surface of finite type, possibly with punctures. In this
paper, when we talk about curve graphs, we only consider the situation where Σ
is an open essential subsurface of some fixed surface S, including the case when
Σ = S. The complexity of Σ is defined by ξ(Σ) = 3g + p, where g is the genus of
Σ and p is the number of punctures of Σ. (This is more convenient than the Euler
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characteristic χ(S) for our purpose.) A surface Σ with ξ(Σ) = 3 (resp. ξ(Σ) = 4)
is homeomorphic to the interior of Σ0,3 (resp. the interior of either Σ0,4 or Σ1,1).
When ξ(Σ) > 4, we define the curve graph C(Σ) of Σ to be a simplicial graph
whose vertices are homotopy classes of non-contractible simple closed curves on Σ
which are not homotopic to punctures such that two vertices are connected by an
edge if and only if they have disjoint representatives. We call a vertex of C(Σ) or
its representative a curve on Σ. For our convenience, we fix a complete hyperbolic
structure on Σ of finite area and take a uniquely determined closed geodesic as a
representative for any curve in C(Σ). The notion of curve graph was first introduced
by Harvey [Har] and extended and modified in [MM1, MM2, Mi1]. In the case when
ξ(Σ) = 4, the curve graph C(Σ) is defined so that the vertices are curves on Σ and
two curves v, w are joined by an edge if and only if they have the minimum geometric
intersection, i.e. i(v, w) = 1 when Σ is IntΣ1,1 and i(v, w) = 2 when Σ is IntΣ0,4.
When Σ is an open annulus embedded in S, we consider the covering Σ˜ of S (with a
fixed hyperbolic structure) associated to π1(Σ) and compactify Σ˜ to Σ¯ by attaching
the ideal boundary. The vertices of curve complex C(Σ) are homotopy classes of
essential arcs on Σ¯ fixing the endpoints. Two vertices are connected by an edge if
and only if they can be homotoped fixing the endpoints to arcs whose interiors are
disjoint.
We put the path metric d = dC(Σ) on C(Σ) by setting the length of each edge
to be 1. In the case when ξ(Σ) > 4, a finite subset v of vertices in C(Σ) is said
to constitute a simplex if any two curves of v are represented by disjoint and non-
parallel simple closed curves on Σ. This naming comes from the fact that they
actually span a simplex in the curve complex of Σ. We only use this term and do
not need to consider the curve complex itself. The graph C(Σ) is not locally finite
but is proved to be Gromov hyperbolic as a metric space by Masur and Minsky
[MM1]. (See also Bowditch [Bow1] for an alternative approach.)
Let ML(Σ) be the space of compact measured laminations on Σ and UML(Σ)
the quotient space of ML(Σ) obtained by forgetting the measures, and let EL(Σ)
be the subspace of UML(Σ) consisting of filling laminations, which we call the
ending lamination space of Σ. Here a lamination µ in UML(Σ) is said to be
filling if, for any µ′ ∈ UML(Σ), either µ′ = µ or µ′ intersects µ non-trivially and
transversely. (The term “arational lamination” is used in some literature in the
same meaning.) Refer to [FLP] and [BC] for the definition and basic facts about
measured lamination space.
Gromov showed that there is a natural boundary at infinity for a Gromov hy-
perbolic space. According to Klarreich [Kla] (see also Hamensta¨dt [Ham]), there
exists a homeomorphism k from the Gromov boundary ∂C(Σ) of C(Σ) to EL(Σ)
such that a sequence {vi} of vertices of C(Σ) converges to β ∈ ∂C(Σ) if and only if
it converges to k(β) in UML(Σ).
Definition 2.1. A sequence g = {vi}i∈J of simplices in C(Σ) is called a tight
sequence if it satisfies one of the following conditions depending on whether ξ(Σ)
is greater than 4 or not, where J is a finite or an infinite interval of Z.
(i) When ξ(Σ) > 4, for any vertices wi of vi and wj of vj with i 6= j, it holds that
d(wi, wj) = |i− j|. Moreover, if {i− 1, i, i+ 1} ⊆ J , then vi is represented by
the union of all components of ∂Σi+1i−1 that are non-peripheral in Σ, where Σ
i+1
i−1
is a subsurface smallest up to isotopy in Σ with essential boundary containing
the geodesic representatives of all the vertices of vi−1 and vi+1.
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(ii) When ξ(Σ) = 4, each vi is a vertex in C(Σ) and d(vi, vj) = |i− j|.
The sequence g is said to connect vinf J with vsup J , where we define vinf J to be
limi→−∞ vi when inf J = −∞ and vsup J to be limi→∞ vi when sup J = ∞. The
surface Σ is called the support of g and is denoted by D(g). The length of g is
defined to be #J − 1, where #J − 1 is defined to be ∞ when #J =∞.
We regard a single vertex as a tight sequence of length 0. It follows from the def-
inition that for any tight sequence {vi}, if a vertex w of C(Σ) meets vi transversely,
then w meets at least one of vi−1 and vi+1 transversely.
For an open essential surface F of Σ and a tight geodesic g in C(Σ), we denote
by φg(F ) the union of simplices on g which are disjoint from F . Here being disjoint
means that they can be made disjoint by an isotopy. For a curve c on F , we use
the symbol φg(c) to denote φg(A(c)), where A(c) is an annular neighbourhood of c.
The following theorem is Lemma 5.14 in [Mi2] (see also Theorem 1.2 in [Bow2]),
which was crucial in the proof of the ending lamination conjecture.
Theorem 2.2. Let u,w be distinct vertices or laminations in C(Σ)∪EL(Σ). Then
there exists a tight sequence connecting u with w.
A marking on Σ is a simplex in C(Σ) some of its vertices (possibly none) have
transversals. Here a transversal of a curve c is defined to be a vertex of the curve
complex of an annular neighbourhood of c. For a marking I, we denote by B(I)
its vertices with the transversals forgotten, and call it the base curves. Suppose
that each of I,T is either a marking on Σ or a lamination in EL(Σ). Then a tight
sequence g = {vi}i∈I on Σ is said to be a tight geodesic with the initial marking
I(g) = I and the terminal marking T (g) = T if it satisfies the following conditions.
• If i0 = inf J > −∞, then vi0 is a vertex of C(Σ) contained in B(I). Other-
wise, I = limi→−∞ vi ∈ EL(Σ).
• If j0 = sup J <∞, then vj0 is a vertex of C(Σ) contained in B(T ). Other-
wise T = limj→∞ vj ∈ EL(Σ).
For a simplex v of a geodesic g supported on Σ, a component of Σ \ v and
an annulus with core curve in v is called a component domain of v, and also a
component domain of g. For a simplex vj of g = {vj}, we define its predecessor
pred(vj) to be vj−1 if j 6= 1, and I(g) if j = 1. Similarly we define the successor
succ(vj). For a component domain Y of vj , we denote pred(vj)|Y by I(Y, g) and
succ(vj)|Y by T (Y, g). Here in the case when Y is an annulus pred(vj)|Y denotes
a vertex in C(Y ) which pred(vj) determines when j 6= 1 and the transversal of
the vertex vj determines if j = 1. The same definition applies for succ(vj)|Y . If
T (Y, g) 6= ∅, then we write Y
d
ց g and says that Y is forward subordinate to g at
vj . Similarly we write g
d
ւ Y and says that Y is backward subordinate to g at vj
if I(Y, g) 6= ∅. If a tight geodesic k is supported on Y , the domain Y is forward
subordinate to g at vj , and T (k) = T (Y, g), we say that k is forward subordinate
to g at vj and denote by k
d
ց g. Similarly, we define g
d
ւ k.
Definition 2.3. A hierarchy H of geodesics on S is a family of tight geodesics on
essential open subsurfaces of S with the following properties.
(1) There is a unique geodesic gH in H with D(gH) = S, which we call the
main geodesic.
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(2) Let Y be a component domain of both a simplex v of g ∈ H and w of g′ ∈ H
such that g
d
ւ Y
d
ց g′. (The geodesic g and g′ may be the same.) Then
there exists a unique geodesic h in H such that D(h) = Y and g
d
ւ h
d
ց g′.
(3) For any geodesic g in H other than gH , there exist geodesics h, k ∈ H such
that h
d
ւ g
d
ց k.
For a hierarchy H , we define |H | to be the sum of the lengths of the geodesics
constituting H .
A hierarchyH is said to be complete if for each component domainX of ξ(X) 6= 3,
there is a geodesic in H supported on X . A geodesic g in a hierarchy in H whose
domain D(g) satisfies ξ(D(g)) = 4 is called a 4-geodesic. A sub-hierarchy of a
complete hierarchy H consisting of all the geodesics in H supported on domains
with ξ ≥ 4 is called the 4-sub-hierarchy.
Definition 2.4. Let H be a hierarchy of geodesics on S. A slice of H is a set of
pairs σ = {(g, v)} of a geodesic g ∈ H and a simplex v on g which has the following
properties.
(1) If (g, v1) and (g, v2) are contained in σ, then v1 = v2.
(2) There is a pair (gσ, vσ) called the bottom pair, and except for the bottom
pair every pair (h,w) ∈ σ is supported in a component domain of some
other (k, u) ∈ σ.
We also call gσ the bottom geodesic and vσ the bottom simplex of σ.
A slice σ is said to be saturated if for any (g, v) ∈ σ and its component domain
D for which there is a geodesic h in H supported on D, there is some simplex w
of h such that (h,w) ∈ σ. We say that σ is non-annular saturated if the above
holds provided that D is not an annulus. For a slice σ, base(σ) denotes the union
of all vertices contained in simplices which appear in σ, which forms a simplex of
C(D(gσ)).
2.2. Hyperbolic 3-manifolds and geometric limits. A Kleinian group Γ is a
discrete subgroup of PSL2C. When Γ contains an abelian subgroup of finite index,
it is called elementary. In this paper, we always assume that Kleinian groups
are torsion-free, or equivalently that they contain no elliptic elements. Under this
assumption, a Kleinian group is elementary if and only if it is isomorphic to a free
abelian group of rank at most two. For a Kleinian group Γ, the quotient space
N = H3/Γ is called the hyperbolic 3-manifold corresponding to Γ.
The limit set ΛΓ of Γ is the set of accumulation points of the orbit space Γx0
in the closed 3-ball H3 ∪ Cˆ for a fixed point x0 ∈ H3. It should be noted that ΛΓ
is contained in Cˆ since Γ acts on H3 properly discontinuously. The complement
of ΛΓ in Cˆ is called the region of discontinuity of Γ, and is denoted by ΩΓ. We
can regard N as the interior of the manifold (H3 ∪ ΩΓ)/Γ, which is called the
Kleinian manifold corresponding to Γ. The boundary at infinity ΩΓ/Γ is also
denoted by ∂∞N . The Nielsen convex hull HΓ is the smallest closed convex set
in H3 containing all geodesics with endpoints on ΛΓ, which is also Γ-invariant. Its
quotient CΓ = HΓ/Γ is called the convex core of N . The Kleinian group Γ is said
to be geometrically finite if the volume of the δ-neighbourhood of CΓ in N is finite
for some δ > 0.
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For a positive number ε, the ε-thin part N(0,ε] of N is the set consisting of all
points x ∈ N such that there exists a non-contractible loop l of length ≤ ε based
at x. The complement of its interior N[ε,∞) = N \ IntN(0,ε] is called the ε-thick
part of N . A Margulis tube is an embedded, equidistant, tubular neighbourhood of
a simple closed geodesic in N . A Z or a Z × Z-cusp neighbourhood P is a subset
of N such that each component of p−1(P ) is a horoball whose stabiliser in Γ is
isomorphic to either Z or Z × Z, where p : H3 → N is the universal covering. By
Margulis’ lemma [Th1, Corollary 5.10.2], there exists a constant ǫ0 > 0 independent
of Γ, called the Margulis constant, such that, for any 0 < ε < ǫ0, each component of
N(0,ε] is either a Margulis tube or a Z or a Z×Z-cusp neighbourhood. Let N0 = Nε0
be the union of N[ε,∞) and all the Margulis tube components of N(0,ε], which we
call the non-cuspidal part of N . For any ε1 < ε2 < ǫ0, there exists a K-bi-Lipschitz
deformation retraction Nε20 → N
ε1
0 for some constant K ≥ 1 depending only on ε1
and ε2. It should also be noted that that N0 is a deformation retract of N . The
end of N0 is called the relative end of N . Each component of the boundary ∂N0
is either a Euclidean torus or a Euclidean open annulus. Since any parabolic cusp
neighbourhood of N is covered by a horoball in H3 based at a single point of Ĉ,
the boundary at infinity ∂∞N0 of N0 is equal to ∂∞N .
A sequence {(Xn, xn)} of complete metric spaces with base points converges
geometrically (in the sense of Gromov) to a complete metric space (Y, y) if there
exist (Kn, Ln)-quasi-isometric, Ln-dense map gn : BRn(Xn, xN ) → BKnRn(Y, y)
withKn ց 1, Ln ց 0 and Rn →∞, where BR(X, x) denotes the R-metric ball inX
centred at x. A sequence of Kleinian groups {Gn} is said to converge geometrically
to a Kleinian group G if (i) each γ ∈ G is the limit of a sequence {γn} with γn ∈ Γn
and (ii) the limit of any convergent sequence {γni} with γni ∈ Γni is an element
of G. It is well known that {H3/Gn} converges geometrically to H3/G if we set
basepoints to be the projections of a common basepoint point x0 in H3 if and only
if {Gn} converges to G geometrically. Refer to [JM], [BP, Chapter E] for more
details on properties of geometric limits.
Suppose that Σ is an open essential subsurface of S, possibly S itself. The
Teichmu¨ller space of Σ is denoted by T (Σ), for which we assume that every frontier
or puncture corresponds to a parabolic cusp. For a point σ ∈ T (Σ), the surface
Σ with a hyperbolic metric representing σ is denoted by Σ(σ). A proper map f
from Σ(σ) to a hyperbolic 3-manifold N with σ ∈ T (Σ) is called a pleated surface
realising a geodesic lamination λ in Σ(σ) if f satisfies the following conditions.
(i) f maps each parabolic cusp of Σ(σ) to a parabolic cusp in N .
(ii) The path-metric induced from N by f coincides with σ, that is, for any
rectifiable path α in Σ(σ), its image f(α) is also a rectifiable path in N with
lengthΣ(σ)(α) = lengthN (f(α)).
(iii) f(l) is a geodesic in N for each leaf l of λ.
(iv) For each component ∆ of Σ \ λ, the restriction f |∆ is a totally geodesic
immersion into N
A relative end e of hyperbolic 3-manifold N is said to be topologically tame if
there is a properly embedded compact surface F in N0 which separates a subman-
ifold containing e which is homeomorphic to F × [0,∞). All topologically tame
ends of hyperbolic 3-manifolds considered in this paper are assumed to be incom-
pressible, i.e. the inclusion F ⊂ N is π1-injective. A topologically tame relative
end e is called geometrically finite if e has a neighbourhood which intersects no
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closed geodesics. (Here we need to assume e to be topologically tame since we are
considering also the case when π1(N) is infinitely generated.) For a geometrically
finite end, the conformal structure ν(e) on the component of ∂∞N corresponding
to e is defined to be the end invariant of e. If Γ itself is geometrically finite, then
every relative end of N is geometrically finite.
As was shown by Bonahon [Bon], if e is topologically tame and incompressible
but not geometrically finite, then there exists a sequence of closed geodesics tending
to e in a neighbourhood E ∼= F × [0,∞) of e which are homotopic in E to essential
simple closed curves cn on F . Moreover, it is shown in [Th1] that {cn} converges
in UML(IntF ) to a lamination ν(e) contained in EL(IntF ) which is determined
uniquely, independently of the choice of closed geodesics tending to e. This ν(e) is
called the ending lamination of e. In this situation, we say that the relative end e
is simply degenerate and define the end invariant of e to be the ending lamination
ν(e). An end which is not topologically tame is called wild. (Recall that we are
not assuming the fundamental group of N is finitely generated.) Any reasonable
invariant for a wild end is not know up to now. This forces us to define the end
invariants of N to be only those of topologically tame relative ends of N .
3. Brick manifolds
3.1. Embeddings of brick manifolds with infinite bricks. We first introduce
some notation for denoting the union of sets in a family which is convenient in the
following discussion on brick manifolds. Let Y = {Yα}α∈A be a family of subsets
of some set X . We denote by
∨
Y the subset
⋃
α∈A Yα of X . It should be noted
that even when we are considering a sequence of families {Yn} of subsets of X , the
union
∨
Yn is taken for each n.
Now we shall give a precise definition of brick manifolds, upon which we have
touched lightly before stating the main results in §1. Model manifolds of geometric
limits which we shall use to prove our main results have structures of brick manifolds
as we explained there.
Throughout this subsection, S denotes some fixed surface with ξ(S) ≥ 4. A
brick is a 3-manifold homeomorphic to F × J for a compact essential subsurface F
of S with ξ(F ) ≥ 3 and J is either [0, 1] or [0, 1) or (0, 1]. In the latter two cases of
J , the brick is said to be half open. We define ξ(B) to be ξ(F ). For a brick B, we
set ∂−B = F × {0} and ∂+B = F × {1} and called the upper front and the lower
front respectively, even when B is half open. When B is half open, a front which
is not contained in B is called the ideal front of B. On the other hand, ∂F × J
is called the vertical boundary of B, and is denoted by ∂vB. A brick B = F × J
has two foliations: the horizontal (codimension-1) foliation whose leaves consist of
F × {t} and vertical (codimension-2) foliation whose leaves consist of {x} × J . A
map from a brick to S× I (where I is an interval in R) is said to be leaf-preserving
when leaves of the horizontal and the vertical foliations are mapped to leaves of
the corresponding foliation of the range. Here, for S × I, the horizontal foliation
consists of S × {t} whereas the vertical foliation consists of {x} × I.
Before defining brick complexes and brick manifolds in general, we shall first
define finite brick complexes and finite brick manifolds. A finite brick complex is a
family of finitely many bricks K = {B1, . . . , Bm} realised as subsets of a 3-manifold
with pairwise disjoint interiors satisfying the following two conditions:
(1)
⋃m
i=1Bi is connected.
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(2) For any two bricks Bi, Bj in K with Fij = Bi ∩Bj 6= ∅, there exists a leaf-
preserving embedding η : Bi ∪ Bj → S × [−1, 1] with η(Bi) ⊂ S × [−1, 0],
η(Bj) ⊂ S × [0, 1] such that η(Fij) is an essential subsurface of S × {0}.
The union
∨
K is called a finite brick manifold with brick decomposition K. We
call Fij in the second condition above the joint of Bi and Bj . A joint Fij is said
to be inessential if ∂−Bi = Fij = ∂+Bj .
Now we define brick complexes and brick manifolds. Let {Kn}∞n=1 be an ascend-
ing sequence of finite brick complexes. Then the union K =
⋃∞
n=1Kn is called a
brick complex, and
∨
K is said to be a brick manifold with brick decomposition K.
In the situation where a leaf-preserving embedding η : M → S × (0, 1) of a brick
manifold is given, a half-open brick B in K is said to be peripheral with respect to
η if the ideal front of η(B) is contained in S × {0} ∪ S × {1}.
The following lemma is a key step in the proof of Theorem A, to whose proof
the rest of this subsection is devoted. In the setting of Theorem A, the model
manifoldM for N is a brick manifold which is a geometric limit of model manifolds
for (H3/Gn)0. It follows that M contains an ascending exhausting sequence of
finite brick manifolds which admit leaf-preserving embeddings into S × (0, 1). The
following lemma then implies that there is a leaf-preserving embedding of M itself
into S × (0, 1).
Lemma 3.1. Let {Mn} be a sequence of finite brick manifolds with brick complexes
Kn such that Kn $ Kn+1. If there exists a leaf-preserving embedding ηn : Mn →
S × (0, 1) for each n ∈ N, then the brick manifold M =
⋃∞
n=1Mn has the following
properties.
(i) There exists a leaf-preserving embedding η∞ :M → S × (0, 1).
(ii) The ends of M are countable.
(iii) If B ∈ Km is peripheral with respect to ηn for all n ≥ m, then B is also
peripheral with respect to η∞.
We use the symbols prh : S× [0, 1]→ [0, 1] to denote the projection to the second
factor, and prv : S × [0, 1] → S to denote that to the first factor. For any brick
Bi ∈ Kn, we set prh ◦ ηn(∂−Bi) = αi,n and prh ◦ ηn(∂+Bi) = βi,n. (Here we regard
ηn as extended to ideal fronts continuously.) A half-open brick Bi is peripheral
with respect to ηn if and only if either αi,n = 0 or βi,n = 1. For integers n,m
with 1 ≤ n ≤ m, let Tn,m be the subset of [0, 1] consisting of the αi,m, βi,m for
Bi ∈ Kn, and set Tn = Tn,n. Consider the correspondence τn,m : Tn → Tm which
transfers αi,n, βi,n respectively to αi,m, βi,m. Note that τn,m is not necessarily a
map. In fact, it may occur that αi,n = αj,n (resp. αi,n = βj,n) but αi,m 6= αj,m
(resp. αi,m 6= βj,m) etc.
To prove Lemma 3.1, we shall make use of the following two kinds of rearrange-
ment for {Kn}. In Rearrangement I, by taking a subsequence and modifying the
embeddings ηn, we shall make αi,n and βi,n independent of n.
Rearrangement I. Fix n ∈ N. Then by passing to a subsequence, we can make
τm,m′ |Tn,m is a map for m′ > m ≥ n. Moreover, since there are only finitely many
bricks in Kn, there are only finitely many ways to give them an order. Therefore,
we can take a subsequence {Knk} of {Km}m≥n so that the restriction τnk,nl |Tn,nk :
Tn,nk → Tn,nl is an order-preserving bijection whenever nk ≤ nl. For any k ≥ n, we
define a new embedding ηk to be the old ηnk |Mk. Repeating the same argument,
we can assume that τm1,m2 |Tn,m1 : Tn,m1 → Tn,m2 is an order-preserving bijection
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for any n ≤ m1 ≤ m2. Since ηn and ηm embed {∂−Bi, ∂+Bi | Bi ∈ Kn} in the
same order, we can deform the new ηn by ambient isotopies of S × I in such a way
that we have αi,n = αi,m and βi,n = βi,m for any n ≤ m and any i with Bi ∈ Kn.
In particular, Tn can be made a subset of Tm.
Rearrangement II. Set Tn = {a0, a1, . . . , at}, where elements are arrayed in the
increasing order, and Rjn = η
−1
n (S × [aj−1, aj ]). See Figure 3.1. Passing again
to a subsequence of {ηn} if necessary, we may assume that, for any j = 1, . . . , t,
all ηm|Rjn (m ≥ n) define the same embedding up to isotopies and changes of the
markings of S×[aj−1, aj ], i.e. there exists an orientation-preserving homeomorphism
γm,n : S × [aj−1, aj] → S × [aj−1, aj ] with γm,n ◦ (ηm|Rjn) = ηn|R
j
n. For, if we fix
a topological type of a compact essential subsurface F of S, there are only finitely
many embeddings, up to isotopies and changes of markings, of F into S as an
essential subsurface.
We note that this γm,n ◦ (ηm|Rjn) may not extend to the entire Mm. In fact even
for a brick B in Km \ Kn with both ∂+B and ∂−B contained in Mn, it may be
possible that γm,n ◦ ηm(∂−B) and γm,n ◦ ηm(∂+B) are not isotopic.
a0
a10
a12
a2
a3
a9
Figure 3.1. The union of the shaded regions in the lower (resp.
higher) level is ηn(R
3
n) (resp. ηn(R
10
n )).
To construct embeddings of the Mn which stabilise on each brick after finite
steps, we need to modify the embeddings ηn as above by composing “twists” which
will be defined below. Before the definition, we shall observe the local structure of
the embeddings ηn(Mn) at horizontal levels near the accumulation points of ∪mTm.
For each c ∈ I and n ∈ N, we call Σ(n)c := (S × {c}) \ Int(ηn(Mn)) the slit for
ηn(Mn) at c. By Rearrangement I and II, for all sufficiently large n, the topological
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type of Σ
(n)
c does not vary with n. The slit Σ
(n)
c is said to be stable if all the Σ
(m)
c
(m ≥ n) are homeomorphic. For c ∈ I, we define χstab(Σc) to be χ(Σ
(n)
c ) for stable
Σ
(n)
c . Since the embedding of every brick intersects S×{c} at an essential subsurface
with negative Euler characteristic, we see that χ(Σ
(n)
c ) is monotone increasing and
once the equality χ(Σ
(n)
c ) = χstab(Σc) holds, Σ
(n)
c is stable.
Let T ′∞ be the set of accumulation points of T∞ :=
⋃
n≥1 Tn. For c ∈ T
′
∞,
consider a sufficiently large n such that Σ
(n)
c is stable. Suppose that B
(n)
1 , . . . , B
(n)
k
are the bricks in Kn with ηn(B
(n)
i ) ∩ S × {c} 6= ∅ (i = 1, . . . , k). Take a sufficiently
small δ > 0 so that S × ([c− δ, c)∪ (c, c+ δ]) meets none of the images under ηn of
the fronts of B
(n)
i (i = 1, . . . , k). Then we call the set
Qδ(Σ
(n)
c ) :=
(
S × ([c− δ, c) ∪ (c, c+ δ]) \ ηn(B
(n)
1 ) ∪ · · · ∪ ηn(B
(n)
k )
)
∪ Σ(n)c
the δ-region of the slit Σ
(n)
c for ηn(Mn). See Figure 3.2. When c is 0 or 1, we need
to modify the definition a little: we define Qδ(Σ
(n)
c ) to be S× (0, δ] when c = 0 and
S × [1− δ, 1) when c = 1.
c
c − δ
c + δ
B1
(n)
B3
(n)
B2
(n) B5
(n)
B4
(n)
Figure 3.2. The union of the bold horizontal segments represents
Σ
(n)
c . The union of Σ
(n)
c and the shaded regions is the δ-region
Qδ(Σ
(n)
c ).
For m ≥ n, if Σ
(m)
d (d ∈ I) is contained in Qδ(Σ
(m)
c ) \ Σ
(m)
c then χ(Σ
(m)
d ) ≥
χstab(Σc). If the equality holds, then Σ
(m)
d is parallel to Σ
(m)
c in S× [0, 1]\ηm(Mm)
(for, since Mm is connected, there cannot be a brick obstructing the parallelism),
and even if the strict inequality holds, prv(Σ
(m)
d ) is contained in prv(Σ
(m)
c ) (up to
isotopy). Therefore, in particular if d lies on a side of c from which T∞ accumulates
to c, the strict inequality χ(Σ
(m)
d ) > χ(Σ
(m)
c ) holds. Since the only bricks that
contribute to increase χ(Σ
(m)
c ) are those with one of their fronts lying on S × {c},
and their other fronts lie outside the δ-region, we see that even for m smaller than
n, we have the inequality χ(Σ
(m)
d ) ≥ χ(Σ
(m)
c ). Thus we have shown the following
claim.
Claim 3.2. For c ∈ T ′∞, there exists δ(c) > 0 depending only on c such that
χstab(Σd) ≥ χstab(Σc) if d lies in [c − δ(c), c + δ(c)]. In particular, if d lies on a
side of c from which T∞ accumulates to c, we have χstab(Σd) > χstab(Σc).
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In general, for every n, the inequality χ(Σ
(n)
d ) ≥ χ(Σ
(n)
c ) holds provided that d
lies in [c− δ(c), c+ δ(c)], and prv(Σ
(n)
d ) is contained in prv(Σ
(n)
c ) up to isotopy.
For an integer s ≥ 1, we define T ′∞,s to be the subset of T
′
∞ consisting of elements
c ∈ T ′∞ for which −χstab(Σc) = s. Suppose that c is contained in T
′
∞,s. Then by
the claim above, if d lies on a side of c from which T∞ accumulates to c, and
|d− c| < δ(c), then −χstab(Σd) < s. Taking into account also the side from which
T∞ does not accumulate to c, we can take possibly smaller δ(c) such that for any
Σ
(n)
d with d ∈ T∞ ∪ T
′
∞ contained in Qδ(c)(Σ
(n)
c ) \ Σ
(n)
c , we have −χstab(Σd) < s.
This implies that (c−δ(c), c+δ(c))∩T ′∞,s = {c}. It follows that T
′
∞,s is a countable
subset of [0, 1] for every s, and hence so is T ′∞.
By making δ(c) smaller if necessary, we can assume that for any c, c′ ∈ T ′∞, either
[c− δ(c), c+ δ(c)] and [c′ − δ(c′), c′ + δ(c′)] are disjoint or one of them contains the
other. Since T∞ ∪ T ′∞ is compact, there exists a finite subset {c1, . . . , ck} of T
′
∞
such that T∞ \
⋃k
i=1[ci − δ(ci), ci + δ(ci)] covers T∞ ∪ T
′
∞ except for finitely many
elements b1, . . . , bu of T∞. See Figure 3.3.
For a point a ∈ T∞ we define c(a) to be a point in T
′
∞ such that [c(a) −
δ(c(a)), c(a)) ∪ (c(a), c(a) + δ(c(a))] contains a and is the smallest among such
sets with respect to the inclusion. In the case when there is no such set, i.e. if a is
among b1, . . . , bu, we define c(a) to be 1 by convention.
b1
b4
c1
b2
b3
c2
c3
c4
c5
Figure 3.3.
Now we shall define maps called twists, which will be used to modify embeddings.
Let F be a compact essential subsurface of S × {a} with 0 < a < 1 and ϕ : F → F
an orientation-preserving homeomorphism such that ϕ|∂F is the identity. Consider
a 3-manifold Nϕ obtained from S × [0, 1] \ IntF by identifying the (±)-sides F (±)
of F by ϕ : F (−) → F (+) instead of the identity. The original S × [0, 1] \ IntF is
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naturally regarded as a subset of Nϕ. We say that Nϕ is the manifold obtained from
S × [0, 1] \ IntF by the ϕ-twist along F . Thus obtained manifold is homeomorphic
to S × [0, 1], by a homeomorphism which we specify as follows. Let C0 be either
F × [0, a) or F × (a, 1]. Then we have a homeomorphism ξ0 : Nϕ → S × [0, 1] such
that ξ0|(Nϕ \ C0) is the identity, whereas ξ0|C0 is ϕ−1 × id[0,a) if C0 is F × [0, a),
and ϕ× id(a,1] if C0 is F × (a, 1]. The part of Nφ where the homeomorphism is not
the identity is called the affected region of the twist. In this case, C0 is the affected
region. See Figure 3.4 (a).
(a) (b)
F
H
F
Figure 3.4. The shaded parts represent the affected regions.
For the proof of Lemma 3.1, we need to reduce the affected region using the
following trick. LetH be a non-peripheral horizontal essential subsurface in S×[0, 1]
with prv(H) ⊃ prv(F ) which lies in S × {b} for some b with F × {b} ⊂ C0. Then
there exists a homeomorphism ξ1 : Nϕ \H → S× [0, 1] \H whose affected region is
C1 = F ×〈b, a〉, where 〈a, b〉 denotes (a, b) if b > a and (b, a) if a > b, i.e. ξi|Nϕ \C1
is the identity. See Figure 3.4 (b). In the following proof of Lemma 3.1, we shall
use this trick letting b be c(a) ∈ T ′∞ defined above.
Now we are ready to formally start the proof of Lemma 3.1.
Proof of Lemma 3.1. First we shall show the part (i). We shall define inductively
a leaf-preserving embedding hn : Mn → S × [0, 1] with h−1n (S × [aj−1, aj ]) =
η−1n (S × [aj−1, aj ]) for Tn = {a0, a1, . . . , at}. Here ηn denotes the one which we
obtained after applying Rearrangements I and II for the original ηn. We set h1 = η1.
We assume that hn−1 has already been defined, and shall define hn inductively so
that the hn retain the properties obtained by Rearrangements I and II.
Recall that we defined Rjn to be η
−1
n (S × [aj−1, aj ]). By Rearrangement I, we
have Rjn ∩Mn−1 = R
j
n−1 for any j = 1, . . . , t. By applying Rearrangement II for
hn−1 and ηn, we see that there exists an embedding hˆ
j
n : R
j
n → S × [aj−1, aj ] such
that hˆjn ◦ηn|R
j
n∩Mn−1 = hn−1|R
j
n∩Mn−1. We note that the union of hˆ
j
n ◦ηn does
not necessarily match up on the boundaries of the Rhn to define an entire embedding
from Mn to S× [0, 1]. Let Tˆn be the subset of Tn consisting of elements aj ∈ Tn for
which −χ(Σ
(n−1)
aj ) > −χ(Σ
(n)
aj ), where Σ
(n−1)
aj = S × {aj} \ Int(hn−1(Mn−1)) and
Σ
(n)
aj = S×{aj}\ Int(
⋃t
j=1 hˆ
j
n ◦ηn(R
j
n)) are slits for hn−1 and hˆ
j
n ◦ηn. In particular,
c ∈ Tˆn implies that Σ
(n−1)
c is unstable.
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To construct an embedding on the entire Mn from this hˆ
j
n ◦ ηn, we need to
perform twist as defined before. For each aj ∈ Tˆn, we choose an orientation-
preserving homeomorphism ϕaj : Σ
(n−1)
aj → Σ
(n−1)
aj with ϕaj |∂Σ
(n−1)
aj being the
identity so that
⋃t
j=1 hˆ
j
n ◦ ηn extends to an embedding hˆn : Mn → Nn, where
Nn is the manifold obtained from S × [0, 1] \
⋃
aj∈Tˆn
Σ
(n−1)
aj by the composition of
the ϕaj -twists. By our definition of hˆ
j
n, if we identify Nn with S × [0, 1] so that
the non-affected regions do not move as was explained before, then the difference
between hˆn|Mn−1 and hn−1 is the composition of the ϕaj -twists.
Now we consider to make the affected region of the ϕaj -twist smaller. Recall that
for aj , there is a point c(aj) ∈ T ′∞ defined above such that [c(aj)−δ(c(aj)), c(aj))∪
(c(aj), c(aj) + δ(c(aj))] contains aj and is the smallest among such sets. By Claim
3.2, we see that prv(Σ
(n−1)
aj ) is contained in prv(Σ
(n−1)
c(aj)
) for the embedding hn−1.
In general, there might be other ak among a1, . . . , at between aj and c(aj). By
our definition of the function c, in this case we have 〈ak, c(ak)〉 ⊂ 〈aj , c(aj)〉. This
implies that the ϕak -twist does not change the condition that prv(Σ
n−1
aj
) is con-
tained in prv(Σ
(n−1)
c(aj)
). (This is valid even when c(aj) = 1.) Therefore, there is a
homeomorphism ξn : Nn \
⋃
aj∈Tˆn
Σ
(n)
c(aj)
→ S × [0, 1] \
⋃
aj∈Tˆn
Σ
(n)
c(aj)
′
such that the
affected region of ϕaj -twist is S×〈aj , c(aj)〉, where Σ
(n)
c(aj)
′
is the horizontal essential
subsurfaces in S × [0, 1] corresponding to the slit Σ
(n)
c(aj)
and we regard 〈aj , c(aj)〉
as (aj , 1] when c(aj) = 1. Then ξn ◦ hˆn extends to a leaf-preserving embedding
hn : Mn → S × [0, 1], whose restriction to Mn−1 coincides with hn−1 outside the
affected regions, but hn may not be an extension of hn−1 on the affected regions.
For thus defined sequence of embeddings hn, we shall show that the restriction
hn|B to each brick B ∈ K is eventually the same map even as n varies.
Let B be a brick of K. Then, there is m such that Mm contains B. Take a
sufficiently large w0 ∈ N so that w0 > m, and all the Σ
(w0)
j are stable for j ∈
{b1, . . . , bu}. This also means that all the twists along slits at b1, . . . , bu, which are
contained in no [c− δ(c), c+ δ(c)], are already done by the w0-th step. For n > w0
consider a twist performed in the construction of hn at a. If S×〈a, a(c)〉 is disjoint
from hm(B), hence from hn−1(B), the image of B under hn is the same as that
of hn−1(B). Also, since for each a ∈ T∞, there are only finitely many n such that
a is contained in Tˆn, if there are only finitely many n and twists at a
n for which
S × 〈an, c(an)〉 intersects hm(B), then the image of B stabilises after finite steps.
Suppose that there are infinitely many regions S × 〈a
n(j)
j , c(a
n(j)
j )〉 (n(j) ≥ w0)
with a
n(j)
j ∈ Tˆn(j) intersecting hn−1(B). We claim that then the 〈a
n(j)
j , c(a
n(j)
j )〉
are contained in (prh(∂−hm(B)), prh(∂+hm(B))) except for finitely many of them.
Suppose, on the contrary, that infinitely many of them, which we denote again
by 〈a
n(j)
j , c(a
n(j)
j )〉, are not contained in (prh(∂−hm(B), prh(∂+hm(B))). Pass-
ing to a subsequence, we can assume that {a
n(j)
j } converges to a point b ∈ T
′
∞.
This implies that [b − δ(b), b + δ(b)] contains a
n(j)
j for sufficiently large j, and
that c(a
n(j)
j ) is not greater than b and converges to b as j → ∞. Since
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S × 〈a
n(j)
j , c(a
n(j)
j )〉 intersects hn−1(B), the only possibility is that a
n(j)
j is con-
tained in (prh(∂−hm(B), prh(∂+hm(B))) for all large j. Therefore 〈a
n(j)
j , c(a
n(j)
j )〉
must be contained in (prh(∂−hm(B), prh(∂+hm(B))), which is a contradiction.
Therefore we have only to consider φ
a
n(j)
j
-twists such that the 〈a
n(j)
j , c(a
n(j)
j )〉
are contained in (prh(∂−hm(B), prh(∂+hm(B))). Then φ
n(j)
aj is supported on Σ
n(j)
aj ,
which is disjoint from S × {aj} ∩ hn(j)−1(B). Therefore the embedding hn(j)−1(B)
does not change after performing the φ
n(j)
aj -twist. Thus we have shown that the
embedding of B stabilises after finite steps. It follows that a leaf-preserving em-
bedding η∞ : M → S × [0, 1] is well defined by setting η∞|B = hn|B for large n.
Since the rearranged ηn maps Mn into S × (0, 1), so does hn. Hence the image of
η∞ lies in S × (0, 1). This completes the proof of (i).
If B
(m)
j ∈ Km is peripheral with respect to hn for all n ≥ m, then either αj,n = 0
or βj,n = 1 for all n ≥ m, even after Rearrangement I. It follows from our definition
of η∞ that either αj,∞ = 0 or βj,∞ = 1 holds. This shows the part (iii).
Finally, we turn to the part (ii). We consider the ends of the embedded image
η∞(M) instead of M itself. Fix a basepoint x0 in η∞(M). For an end e of η∞(M),
consider an arc αe in η∞(M) emanating from x0 and tending to e which meets each
horizontal leaf of all bricks η∞(Bj) (Bj ∈ K) with αe ∩ η∞(Bj) 6= ∅ transversely in
a single point except for the one containing x0. This implies that αe meets each
S × {c} at most at −χ(S) points. It follows that prh(αe) converges to a point b(e)
of T ′∞.
Now, for c ∈ T ′∞, suppose that e1, . . . , em are distinct m ends of η∞(M) with
b(e1) = · · · = b(em) = c. For a sufficiently large n, these ends are contained in
distinct components of η∞(M \ Mn). Therefore, for each j = 1, . . . ,m, we can
choose a subarc βej of αej tending to ej in such a way that βej and βej′ do not pass
through the same bricks of η∞(M) if j 6= j′. If we take a sufficiently small δ > 0,
then each βej passes through the δ-region S × [c− δ, c)∪ S × (c, c+ δ] transversely
to the horizontal leaves. It follows that m ≤ −2χ(S) since there are at most −χ(S)
ends lying on S × {c} in each of S × [c − δ, c) and S × (c, c + δ]. Since T ′∞ is a
countable set as was seen before, this implies that the ends of η∞(M) are countable.
This completes the proof of the part (ii). 
3.2. Conditions on labelled brick manifolds. A labelled brick manifold is a
brick manifold M in which every half-open brick has either a point in the Te-
ichmu¨ller space or an ending lamination attached to it as follows. Let B be a
half-open brick in M which is homeomorphic to F × J , where J is either [0, 1) or
(0, 1]. Half-open bricks are divided into two categories: geometrically finite bricks
and simply degenerate bricks. If B is geometrically finite, then a point in T (IntF )
is given to B, otherwise an ending lamination of B, which is contained in EL(F )
is given. For a geometrically finite brick B, the interior of the ideal front of B
is denoted by ∂∞B, and the point in T (IntF ) is regarded as a marked conformal
structure on ∂∞B. Also for a simply degenerate brick, the given ending lamination
is regarded as attached to the end corresponding to its ideal front.
As in Theorem A, we shall consider labelled brick manifolds M satisfying the
following conditions.
A-(1) Every component of ∂M is either a torus or an open annulus.
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A-(2) There is no properly embedded essential annulus whose boundary compo-
nents lie in distinct boundary components of M .
A-(3) If there is an embedded, incompressible half-open annulus S1 × [0,∞) in M
such that S1 × {t} tends to a wild end e, then its core curve is homotopic
into an open-annulus component of ∂M tending to e.
A-(4) M is embedded into S×(0, 1) preserving the horizontal and the vertical leaves
in such a way that the ends of geometrically finite bricks are peripheral.
A-(5) Every geometrically finite half-open brick has real front which is an inessen-
tial joint: i.e. its real front is contained in the intersection with other bricks.
We shall explain the meanings of these conditions briefly. We consider a model
manifold M of a geometric limit of Kleinian surface groups, whose corresponding
hyperbolic 3-manifold we denote by N . The boundary of M corresponds to the
frontier of the non-cuspidal part N0. This shows that the condition A-(1) must
be satisfied. Moreover by Margulis’s lemma, no essential loops on two distinct
components of FrN0 can be homotopic to each other. This implies the condition
A-(2).
To illustrate the meaning of the condition A-(3), we consider the situation where
M is embedded in S × (0, 1) preserving the horizontal and vertical leaves, which is
required by A-(4). A-(3) says that if M has a wild end e, there must be a sequence
of the complementary components of M in S × (0, 1) which tends to the image of
e in S × (0, 1) in such a way that no closed curves can be homotoped to e without
obstructed by the complementary components except those lying on an annulus
boundary component tending to e. We note that model manifolds of Kleinian
surface groups (isomorphic to π1(S)) constructed by Minsky can be regarded as
labelled brick manifolds as will be explained later. Such brick manifolds can be
embedded in S×(0, 1) preserving the horizontal and the vertical leaves. Lemma 3.1
implies that model manifolds of geometric limits can also be embedded in S× (0, 1)
preserving the horizontal and the vertical leaves in such a way the geometrically
finite ends are peripheral, which implies the condition A-(4).
The last condition A-(5) is just for convenience in defining a metric on a brick
manifold later.
3.3. Tight tube unions. To construct model manifolds of Kleinian surface groups,
Minsky considered a hierarchy of tight geodesics. In his construction, a tight geo-
desic is realised in the model manifold as a sequence of Margulis tubes. We shall
consider a similar realisation of a tight geodesic in the model manifold, which we
call a tight tube union.
Consider a brick B = F × [0, 1] with ξ(F ) > 4. Suppose that we are given
a pair of multi-curves I × {0} and T × {1} lying on Int∂−B and Int∂+B, which
represent simplices in C(IntF ) by identifying ∂−B and ∂+B with F naturally. Let
g = {vi}
n
i=0 be a tight geodesic in C(IntF ) with I(g) = I and T (g) = T . Then⋃n
i=0 vi × [i/(n+ 1), (i+ 1)/(n+ 1)] is a disjoint union AB of vertical annuli in B.
We call the union AB a tight annulus union in B connecting I ×{0} with T ×{1}.
Next we consider the case when B is a half-open brick F × [0, 1) with ξ(F ) > 4.
Since we are not going to put an annulus union or a tube union for geometrically
finite bricks, we assume that B is simply degenerate. Suppose then that I × {0} is
a multi-curve on Int∂−B = IntF , and that T ×{1} is an element of EL(Int∂+B) =
EL(IntF ), which is the ending lamination of B. Let g = {vi}∞i=0 be a tight geodesic
ray in C(IntF ) with I(g) = I and T (g) = T . Then the union AB =
⋃∞
i=0 vi ×
20 KEN’ICHI OHSHIKA AND TERUHIKO SOMA
[1 − 1/2i, 1 − 1/2i+1] of vertical annuli in B is called a tight annulus union in B
connecting I × {0} with T × {1}. We can consider a similar construction for a
half-open brick F × (0, 1] when an ending lamination on Int∂+B and a multi-curve
on Int∂+B are given, and define AB =
⋃∞
i=0 vi × [1/2
i+1, 1/2i].
When ξ(F ) = 4, we need to modify our definition above to make annuli pairwise
disjoint. In this case, we define a tight annulus unionAB by
⋃n
i=0 vi×[i/(n+1), (2i+
1)/(2n+ 2)] if B = F × [0, 1], by
⋃∞
i=0 vi × [1− 1/2
i, 1− 3/2i+2] if B = F × [0, 1),
and AB =
⋃∞
i=0 vi × [3/2
i+2, 1/2i] if B = F × (0, 1].
Let AB =
⋃
i vi × Ji be a tight annulus union in a brick B. Take a sufficiently
thin annular neighbourhood Ri of vi on F so that Ri × Ji are pairwise disjoint in
B. Then VB =
⋃
iRi× Ji is called a tight tube union in B connecting I ×{0} with
T × {1}.
3.4. Block decompositions of labelled brick manifolds. In this subsection, we
shall show that a labelled brick manifold M admits a decomposition into blocks in
the sense of Minsky provided that its brick decomposition K satisfies the conditions
A-(1)-(5) and the following additional condition (EL), which corresponds to the
assumption on ending laminations of simply degenerate ends ofM given in Theorem
C.
(EL) For any two simply degenerate bricks B,B′ in K, their ending laminations
µ(B) and µ(B′) are not homotopic in M .
Under the conditions A-(1)-(5), this condition is automatically satisfied unless
M is homeomorphic to F×(0, 1) for a compact essential subsurface F of S as we can
see in the following way. Let B1 and B2 be two simply degenerate bricks with B1 =
F1× J1 and B2 = F2×J2, where J1 and J2 are half-open intervals. Note that each
component of ∂vB1 and ∂vB2 lies in ∂M . The condition A-(2) shows that F1×{t}
and F2×{t′} cannot be homotopic in M unless M is homeomorphic to F1× (0, 1).
Since µ(B1) is contained in EL(IntF1) whereas µ(B2) lies in EL(IntF2), which
means that they are filling on non-homotopic surfaces, they cannot be homotopic
in M unless F1 and F2 are homotopic in M . Therefore M must be homeomorphic
to F1 × (0, 1) if B1 and B2 have homotopic ending laminations.
Let Kgf be the subset of K consisting of geometrically finite bricks, and set
Kint = K \ Kgf . The union ∂∞M =
⋃
B∈Kgf
∂∞B is called the boundary at infinity
of M . Bricks contained in Kint are called internal bricks.
We modify a brick decomposition by performing the following two operations.
(1) Removing inessential joints: Suppose that there is an inessential joint F
of two bricks B,B′ in Kint. Then we replace B,B′ with the single brick B∪
B′. In the exceptional case when M is homeomorphic to F × (0, 1) and has
two simply degenerate bricks, this may generate a “brick” homeomorphic
to F × (0, 1), which was not allowed in our definition. We still allow this
operation and call thus obtained brick an open brick.
(2) Splitting bricks with non-overlapping annuli on the boundary:
Suppose that there is a brick B = F × [0, 1] in Kint with a component A
of ∂M ∩ ∂−B which does not overlap ∂M ∩ ∂+B. Here an annulus A1 in
B is said to overlap a union of annuli A in B when the vertical projections
of A1 and A to F intersect essentially. Then we remove A × [0, 1) from
B and split B into two bricks B1, B2. We can naturally identify M with
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M \A× [0, 1) and regard (K\{B})∪{B1, B2} as a new brick decomposition
of M . We can perform the same operation also when there is an annulus
in ∂M ∩ ∂+B which does not overlap ∂M ∩ ∂−B.
By repeating these two kinds of operations, we can assume
Assumption 3.3. (1) that there is no inessential joint for two bricks in K,
(2) and that for any brick B both of whose fronts ∂−B and ∂+B are real, each
component of ∂−B ∩ ∂M overlaps ∂+B ∩ ∂M and each component of ∂+B ∩ ∂M
overlaps ∂−B ∩ ∂M .
By the condition A-(1), ∂M is a union of tori and open annuli. Since M is
a brick manifold, each of such tori and annuli consists of horizontal annuli and
vertical annuli whose interiors are pairwise disjoint, and contains at least one hor-
izontal annulus except for the case when it is a vertical annulus corresponding to
a component of ∂S × (0, 1). Let HA be the union of core curves of the horizontal
annuli constituting the boundary components of M . (We take one core curve from
each horizontal annulus.) For each geometrically finite brick Bi, we fix a multi-
curve s(Bi) on its real front Fi which is the shortest pants decomposition of Fi
with respect to the hyperbolic structure given to Bi. Note that although we gave a
conformal structure on the ideal front, we put the pants decomposition on the real
front. Let l(K) be the union of HA, the s(Bi) for the geometrically finite bricks Bi,
and the ending laminations µ(Bj) for all simply degenerate brick Bj in Kint, which
we regard as lying on the ideal fronts. See Figure 3.5 (a).
B1
B2
B3
B4 B6B5
B7
shortest pants
s(B )1{{
(a) (b)
B9
B8
μ(B )3
B10
{
Figure 3.5. (a) B1, B10 is geometrically finite and B3, B8 are sim-
ply degenerate. The real fronts of B1 and B10 are inessential joints.
B2, B3, B7 are connectable. (b) The union of shaded rectangles
represents V(1). The white rectangles are bricks in K
(1)
int ∪ Kgf .
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We set Mint =
∨
Kint. A brick B in Kint is said to be connectable if neither
I(B) = ∂−B ∩ l(K) nor T (B) = ∂+B ∩ l(K) is empty. Notice that if B is a
simply degenerate brick, although µ(B) does not lie inside M , either ∂−B or ∂+B
intersects µ(B). It should be also noted that any brick B in Kint that has greatest
ξ(B) among the bricks in Kint is connectable unless ξ(B) = 3 since we removed
inessential joints. We denote by ξ0 the greatest ξ(B).
For any connectable brick B of Kint with ξ(B) ≥ 5, we take a tight tube union in
B connecting I(B) with T (B), and denote it by VB. In the case when B is an open
brick, the condition (EL) guarantees that there is a tight tube union connecting
I(B) and T (B). We set VB = ∅ if either B is not connectable or ξ(B) ≤ 4, and
define V¯(1) =
⋃
B∈Kint
VB. See Figure 3.5 (b). Now, if there are two tubes T1, T2 in
V¯(1) which are homotopic in M \ (V¯(1) \ (T1 ∪ T2)) we merge them into one tube:
we can assume that they are vertically isotopic, and by putting a tube between
them which is also a thicken annulus, we can make them parts of a larger tube.
Repeating this operation, we get a union of tubes V(1) in which no two tori are
homotopic in the complement of the rest of the tubes.
Let M
(1)
int be the closure of Mint \ V
(1) in Mint. Since V(1) consists of tubes
which are thicken vertical annuli inMint, the 3-manifoldM
(1)
int has the local product
structure induced from that on Mint. Thus M
(1)
int has a brick decomposition K
(1)
int
allowing a brick also to be an open one having a form F × (0, 1) such that each
brick is the closure of a maximal union of vertically parallel horizontal leaves in
M
(1)
int . By our operation modifying V¯
(1) to V(1), the condition A-(2) for M , and the
fact that two simplifies on a geodesic at the distance 2 have essential intersection,
the same condition A-(2) holds also for M
(1)
int .
Let B be a half-open or open brick in M
(1)
int . Suppose that B meets infinitely
many original internal bricks Bˆp of Kint. Then we can take an essential simple
closed curve on the horizontal surface of B which is not homotopic into an annulus
component of ∂M , and is vertically isotopic into each of the Bˆp. This gives rise
to an incompressible half-open annulus with core curve not homotopic into an
annulus component of ∂M , which tends to a wild end of M to which the Bˆp tend,
contradicting the condition A-(3) for M . (This end cannot be simply degenerate
since each simply degenerate end is contained in one brick of K.) Therefore, any
brick in K
(1)
int meets only finitely many bricks of Kint. Also, we can see that an ideal
front F of B cannot be contained in the ideal front F ′ of some simply degenerate
brick B′ = F ′ × J of Kint since µ(B′) is contained in EL(F ′), and hence there is
no open annulus in B′ disjoint from the tight union of tubes which we extracted
to construct M
(1)
int . Thus we have shown that M
(1)
int contains neither half-open nor
open bricks. We should note that the greatest ξ(B) for the bricks B in M
(1)
int , which
we denote by ξ1, is less than ξ0 since bricks in Mint with ξ = ξ0 are all connectable.
Next we consider the union V(2) of tubes which we obtained by modifying the
union of all tight tube unions VB for all B ∈ K
(1)
int in the same way as we defined
V(1) in K merging homotopic tubes, and the closure M
(2)
int of M
(1)
int \ V
(2) in M
(1)
int .
By the same reason as before, the greatest ξ(B) for the bricks B in M
(2)
int is less
than ξ1. Therefore, repeating the same procedure at most ξ(S)− 4 times, we reach
a brick decomposition K
(k)
int on M
(k)
int such that ξ(B) is either 3 or 4 for every brick
B ∈ K
(k)
int .
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Let V(k+1) be the union of tubes obtained by modifying in the same way as
before the union of tight tube unions VB for bricks B ∈ K
(k)
int with ξ(B) = 4, and
let K
(k+1)
int be the brick decomposition on the closure M
(k+1)
int of M
(k)
int \ V
(k+1) such
that each brick is a maximal union of parallel leaves with respect to the horizontal
foliation onM
(k+1)
int . Moving components of V
(k+1) vertically by an ambient isotopy
of M
(k)
int if necessary, we can assume that for every brick B of Kint, its fronts ∂±B
does not go though the gaps of tubes of V(k+1), i.e. the following holds.
(BB) For any B ∈ Kint and B′ ∈ K
(k)
int with H = (∂+B ∪ ∂−B) ∩ B
′ 6= ∅, each
component of H \ IntVB′ is homeomorphic to Σ0,3.
We set Bint = K
(k+1)
int , B = K
(k+1)
int ∪ Kgf , M [0]int = M
(k+1)
int , M [0] = M [0]int ∪
(
∨
Kgf), and V =
⋃k+1
m=1 V
(m). We call B a block decomposition of M [0] and each
element of B a block. Note that each block in Bint is homeomorphic to either Σ0,3×J
or Σ1,1 × J or Σ0,4 × J , where J is a closed or half-open or open interval, since
every brick in M
(k+1)
int has ξ at most 4. Also by our definition of bricks for M
(k+1)
int
no two blocks meet at inessential joint.
Remark 3.4. It may appear that our definition of blocks is slightly different from
that of Minsky in [Mi2] as we allow blocks homeomorphic to Σ0,3 × J . Still the
difference is just a minor point since we can convert our block decomposition into
that a` la Minsky just by cutting a block of the form Σ0,3× J into halves and paste
one of them to the block above it and the other to the one below it.
Each component of V is a solid torus which is foliated by vertically parallel
horizontal annuli. For each solid torus V in V , its boundary ∂V is contained in
∂M [0]∪∂M . IfM [0]∩V consists of two vertical annuli A1, A2 for some V ∈ V , then
∂V \ Int(A1 ∪ A2) is a union of two horizontal annuli contained in ∂M , and hence
each of A1, A2 is a properly embedded essential annulus inM . (These annuli cannot
be boundary-parallel since a brick is not allowed to be a solid torus by definition.)
This contradicts the condition A-(2) saying thatM must be acylindrical. Therefore,
for any component V of V , the intersectionM [0]∩V is either a torus or an annulus.
See Figure 3.6.
Let V [0] be the union of all components V of V such that M [0] ∩ V is a torus,
and set M0 = M [0] ∪ V [0]. Then M0 is obviously a deformation retract of M and
there exists a homeomorphism ηM :M
0 →M homotopic to the inclusion such that
the restriction ηM |V[0] is the identity. We often identify the original brick manifold
M with M0 via the map ηM .
3.5. Model metrics on brick manifolds. Now we shall define a metric on a
brick manifold induced from its decomposition into blocks. We shall put a standard
metric on each block as was done in Minsky [Mi2], which is slightly different from his
for our convenience. Fix ε1 > 0 less than the three-dimensional Margulis constant,
and a hyperbolic metric on the three-holed sphere Σ0,3 with respect to which each
component of ∂Σ0,3 is a closed geodesic of length ε1. Let B0,3 be Σ0,3 × [0, 1]
endowed with the product metric of the hyperbolic metric on Σ0,3 and the standard
metric on [0, 1].
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V4
V5
V6
V8
V7
V3
V2
V1
Figure 3.6. A local picture of M in the case of k = 0. The white
region isM [0]. V1∪V5∪V6 ⊂ V [0] and V2∪V3∪V4∪V7∪V8 ⊂ V\V [0].
Consider two essential simple closed curves l0, l1 on Σ0,4 (resp. Σ1,1) with the
geometric intersection number i(l0, l1) = 2 (resp. i(l0, l1) = 1) and set Bα to be a
brick in the form Σα × [0, 1] for α ∈ {(0, 4), (1, 1)}. Let A− and A+ be annular
neighbourhoods of l0×{0} and l1×{1} in ∂−Bα and ∂+Bα respectively. We define
a piecewise Riemannian metric on Bα such that each component of ∂−Bα \ IntA−
and ∂+Bα \ IntA+ is isometric to Σ0,3 with the hyperbolic metric given above,
all of A−, A+ and ∂vBα are isometric to the product annulus S
1(ε1) × [0, 1] and
distBα(∂−Bα, ∂+Bα) = 1, where S
1(ε1) is a round circle in the Euclidean plane of
circumference ε1.
For any brick B ∈ Bint of type β ∈ {(0, 3), (0, 4), (1, 1)}, consider a diffeo-
morphism hB : Bβ → B such that hB(∂vBβ) = ∂vB and moreover hB(A±) =
∂±B ∩ V [0] when ξ(B) = 4. We can choose these homeomorphisms so that for
any B,B′ of types β, β′ ∈ {(0, 3), (0, 4), (1, 1)} in Bint with F = ∂+B ∩ ∂−B′ 6= ∅,
((hB′ |F )−1 ◦ hB|h−1
B
(F )) is an isometry with respect to the metrics on Bβ and Bβ′
defined above. ThenM [0]int has a piecewise Riemannian metric induced from those
on B0,3, B0,4, B1,1 via embeddings hB : Bβ →M [0]int.
We shall next define metrics on geometrically finite bricks. Each geometrically
finite brick B of B is identified with F × [−1,∞) preserving the horizontal and the
vertical leaves for a compact core F of some open essential subsurface F˚ of S with
ξ(F ) ≥ 3. Since F˚ can be identified with IntF , by our definition of geometrically
finite bricks, F˚ = F˚ × {∞} is given a conformal structure. Let σ(B) a complete
hyperbolic metric on F˚ which is compatible with the given conformal structure. We
regard F as obtained from F˚ (σ(B)) by deleting the cusp neighbourhoods which are
components of F˚ (σ)(0,ε1). Consider a piecewise Riemannian metric τ(B) on F˚
obtained by rescaling σ(B) on the points of F˚ in such a way that τ(B)/σ(B) is
continuous and is equal to 1 on F˚ (σ(B))[ε1 ,∞), and each component of F˚ (σ(B))(0,ε1 ]
is a Euclidean cylinder with respect to the τ(B)-metric. On the other hand, we
put another piecewise Riemannian metric υ(B) on F such that each component of
F (υ(B))(0,ε1] is a Euclidean cylinder, F (υ(B))(0,ε1]×{−1} coincides with ∂M [0]int∩
B, and each component of F (υ(B))[ε1,∞) is isometric to Σ0,3. We choose such a
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metric so that the identity F (τ(B)) → F (υ(B)) is uniformly bi-Lipschitz (i.e. the
bi-Lipschitz constant is bounded by a constant independent of B and F ). We call
a metric constructed as the latter metric υ(B) a cylinder-Σ0,3 metric on F ×{−1}.
We note that our υ(B) corresponds to the metric σm
′
given in [Mi2, Subsection
8.3].
We put a piecewise Riemannian metric on F × [−1, 0] such that its restriction to
F×{−1} is equal to F (υ(B)), its restriction to F×{0} is equal to F (τ(B)), and the
induced metric on F × {t} is uniformly bi-Lipschitz to τ(B) via the identification
of F × {t} with F . Recall that F is a compact core of an open surface F˚ . We take
a diffeomorphism η : F × [0,∞)→ F˚ × [0,∞) such that the restriction η|F ×{0} is
the identity and η(∂F × [0,∞)) lies on F˚ ×{0}. We put on F × [0,∞) the induced
metric η∗(ds2), where ds2 is a piecewise Riemannian metric on F˚ × [0,∞) defined
by
ds2 = τ(B)e2r + dr2 (r ∈ [0,∞)).
We define a piecewise Riemannian metric on B by pasting the metrics on F×[−1, 0]
and F × [0,∞) along F × {0}, which has the metric τ(B) on both sides. We may
assume that the metric on M [0]int and that on B are equal on M [0]int ∩ B =
F × {−1} deforming the map attaching B to M [0]int by an ambient isotopy if
necessary. Thus we have obtained a piecewise Riemannian metric on M [0], which
we call the model metric onM [0]. By our construction, each component C of ∂M [0]
is either a Euclidean torus or a Euclidean cylinder which has a foliation FC whose
leaves consist of closed geodesics of length ε1.
3.6. Meridian coefficients. For a complex number z with Im(z) > 0 and a real
number η > 0, we denote the covering map C → C/η(Z + zZ) by πz,η. For any
component V of V [0], its boundary ∂V has a Euclidean metric induced from the
model metric on M [0] as above. Then there is a unique ω ∈ C with Im(ω) >
0 for which we have an orientation-preserving isometry from the quotient space
C/ε1(Z + ωZ) to ∂V taking πω,ε1(R) (resp. πω,ε1(ωR)) to a longitude (resp. a
meridian) of V . (Here a longitude of V is defined to be a horizontal essential
simple closed curve on ∂V .) We denote this ω by ωM (V ) and call it the meridian
coefficient of ∂V .
For any integer k > 0, consider the union V [k] of components V of V [0] with
|ωM (V )| ≥ k and set
M [k] =M [0] ∪ (V [0] \ V [k]).
By definition, we have M0 = M [k] ∪ V [k]. We put each component V of V [0]
a hyperbolic metric induced from the Margulis tube whose boundary has exactly
the Euclidean metric induced from the model metric on M [0]. Here abusing the
terminology, we always call hyperbolic equidistance neighbourhoods of simple closed
geodesics Margulis tubes even when the lengths of the core curves are not less than
the Margulis constant. See Lemma 8.5 in [BCM] or Lemma 5.8 in [Bow3]. In
this way, we extend the model metric metric on M [0] to a metric on M0 whose
restriction on V [0] is hyperbolic. The brick manifold M has the metric induced
from that on M0 via ηM . We also call these metrics on M
0 and M the model
metrics.
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4. The bi-Lipschitz model theorem for brick manifolds
Minsky constructed in [Mi2] model manifolds for hyperbolic 3-manifolds home-
omorphic to S × (0, 1) and proved that for any such hyperbolic manifold, there is
a Lipschitz map, called a model map, from its model manifold, whose Lipschitz
constant is uniformly bounded. Furthermore, in Brock-Canary-Minsky [BCM], it
was shown that such a model map can be taken to be a bi-Lipschitz homeomor-
phism with uniformly bounded bi-Lipschitz constant. Using and generalising these
results, we shall show that a homeomorphism from a labelled brick manifold sat-
isfying the conditions A-(1)–(5) and (EL) to a hyperbolic 3-manifold preserving
end invariants can be homotoped to a bi-Lipschitz homeomorphism with uniformly
bounded bi-Lipschitz constant. Let us recall that for any hyperbolic 3-manifold
N and a constant ε1 > 0 less than the Margulis constant, N0 = N
ε1
0 denotes the
ε1-non-cuspidal part, i.e. the union of N[ε1,∞) and all Margulis tube components of
N(0,ε1] as defined in Subsection 2.2.
Theorem 4.1 (Bi-Lipschitz Model Theorem). Let M be a labelled brick manifold
satisfying the conditions A-(1)–(5) and (EL), and N a hyperbolic 3-manifold with
a homeomorphism f : M → N0 preserving the end invariants. Then f is properly
homotopic to a homeomorphism g :M → N0 = N
ε1
0 satisfying the following condi-
tions, where k ∈ N, K ≥ 1 and ε1 less than the Margulis constant depend only on
ξ(S).
(i) The image g(V [k]) = T[k] is a union of ε1-Margulis tubes of N0.
(ii) g(M [k]) = N0 \ IntT[k].
(iii) The restriction g|M [k] :M [k]→ N0 \ IntT[k] is a K-bi-Lipschitz map.
(iv) The homeomorphism g extends continuously to a conformal map from ∂∞M
to ∂∞N .
The whole of the present section is devoted to the proof of Theorem 4.1. We
should note that by Lemma 3.1, there is a proper embedding ιM of our model
manifold into S × (0, 1). Accordingly, we have an embedding ιN : N0 → S × (0, 1)
such that ιN◦f = ιM . As in the previous section, we modify the brick decomposition
of M so that Assumption 3.3 holds.
Applying the argument in Minsky [Mi2, Subsections 3.4 and 8.3], we can deform
f to a map f1 by a proper homotopy so that for any geometrically finite half-open
brick B′ ∈ Kgf , the restriction f1|B′ : B′ → f1(B′) is a uniformly bi-Lipschitz
homeomorphism which extends continuously to a conformal map from ∂∞B
′ to
∂∞f1(B
′) and its real front is mapped into the boundary of the convex core of N .
We shall first show that f1 can be properly homotoped to a K-Lipschitz map
with a constant K depending only on ξ(S). For that, we shall follow the line of
Minsky’s argument in [Mi2]. Recall that we have a union of tubes V inM which we
constructed in §3.4 inducing a decomposition of M into blocks, and that for each
tube V in V , its meridian coefficient ωM (V ) is defined. The first step is to prove
the following lemma.
Lemma 4.2. There is a universal constant L depending only on ξ(S) such that
for the core curve v of each tube V in V [0], the length of the closed geodesic in N
homotopic to f(v) is less than L.
Proof. This lemma corresponds to Lemma 7.9 in Minsky [Mi2]. We shall use its
generalisation by Bowditch, Theorem 1.3 in [Bow2].
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Recall that we constructed a block decomposition of M repeating the process
of putting tight tube unions in bricks, starting from the decomposition of M into
bricks of K. At the first stage, for each connectable internal brick B = F × J , we
connected a component ∂−B ∩ l(K) with a component of ∂+B ∩ l(K) by a tight
geodesic. Since f takes l(K) to either an ending lamination or a parabolic element
in N , by applying Lemma 7.9 in Minsky [Mi2] or Theorem 1.3 in Bowditch [Bow2]
to the covering of N associated to f#π1(B), we see that there is a constant L0
depending only on ξ(S) such that each curve in the simplices constituting the tight
geodesic has length in N bounded by L0.
At the n-th stage, we have bricksK
(n)
int constitutingM
(n)
int which is the complement
of Vn =
⋃n
m=1 V
(m) in Mint. Let ln be the union of l(K) and the core curves of
Vn that are not homotopic to a simple closed curve in l(K). In each brick B(n)
of K
(n)
int , we constructed a tight tube union connecting ∂−B
(n) ∩ ln and ∂+B ∩ ln.
Therefore using Bowditch’s Theorem 1.3 inductively, we see that if the geodesic
lengths in N of curves in ln are bounded by Ln, then there is Ln+1 depending only
on Ln bounding the lengths in N of ln+1. Since we reached the block decomposition
within ξ(S) − 3 steps, we see that there is a constant L depending only on ξ(S)
which bounds the lengths of the closed geodesics corresponding to the core curves
of V . 
4.1. Homotoping f to a Lipschitz map preserving the thin part. Moving
V by an ambient isotopy of Mint without changing the structure of block decom-
position, we may assume that for any B ∈ Kint, every component of ∂+B \ V and
∂−B \V is homeomorphic to a thrice-punctured sphere. Let F be a compact essen-
tial subsurface of S such that B is homeomorphic to F ×J for an interval J . If ∂+B
is a real front, then ∂+B∩V determines a simplex in C(F ) inducing a pants decom-
position of F . We now homotope f1 so that each core curve of V [0] is mapped to
a closed geodesic. By Lemma 4.2, all of such closed geodesics have length bounded
by L. In this situation, we can apply Minsky’s construction in Steps 0-6 of [Mi2,
Section 10] to get a map f2 :M → N for which the following hold. Recall that we
have fixed a constant ε1 less than the three-dimensional Margulis constant.
(1) We have f2|B
′ = f1|B
′ for every B′ ∈ Kgf .
(2) For each block B of M [0]int, the f2|∂±B lies on a pleated surface with
totally geodesic boundary each of whose components is a closed geodesic
homotopic to f2(v) for a core curve v of some V ∈ V .
(3) There exists a constant ε0 > 0 depending only on ξ(S) such that for a core
curve v of a solid torus component V of V , if the geodesic length of f2(v)
is less than ε0, then f2(V ) is contained in the ε1-Margulis tube with core
curve f2(v).
(4) The image of f2 is contained in the union of the 1-neighbourhood of the
convex core of N and the ε1-Margulis tubes of N .
(5) For any k, there exists a positive number ǫ(k) < ε1 such that f2(M [k]) is
disjoint from the ε1-Margulis tubes of N whose core curves have length less
than ǫ(k).
(6) For any k, there exists a constant L(k) such that f2|M [k] is L(k)-Lipschitz.
To modify f2 further to get a Lipschitz map, we need the following lemma.
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Lemma 4.3. Let V be a tube in V [0], and v its core curve. For any δ > 0, there
exists k which depends on δ and ξ(S) but is independent of M and N such that if
|ωM (V )| > k then the closed geodesic homotopic to f(v) has length smaller than δ.
Proof. This lemma corresponds to Lemma 10.1 in Minsky [Mi2]. In our situation,
V may be shared by blocks contained in distinct bricks. Therefore, we cannot apply
Minsky’s result directly. Instead, we use an argument which can also be found in
Soma [So]. Our argument is by contradiction. Suppose that there exist δ > 0 and
tubes Vj with core curves vj such that |ωM (Vj)| → ∞ whereas the closed geodesics
homotopic to f2(vj) have length greater than δ.
Since |ωM (Vj)| → ∞, by passing to a subsequence, we can assume that either
ℑωM (Vj) → ∞ or ℜωM (Vj) → ∞ holds. We shall first consider the case when
ℑωM (Vj)→∞. By the definition of ωM (Vj), there are (ℑωM (Vj)−2) blocks which
intersect ∂Vj along their vertical sides. This implies that there are at least ℑωM (Vj)
gluing surfaces, which are homeomorphic to Σ(0,3), having boundary components
lying on ∂Vj . We should also note that no two distinct gluing surfaces are homotopic
in M . Since we assumed that ℑωM (Vj) goes to ∞, there are kj pairwise non-
homotopic gluing surfaces with boundary components on ∂Vj with kj → ∞. The
image of each gluing surface lies on a pleated surface with totally geodesic boundary
one of whose components is the closed geodesic γj homotopic to f(vj). Therefore,
there are kj pairwise non-homotopic pleated surfaces from Σ(0,3) which have γj as
a boundary component.
Now, we put a basepoint xj on γj , and consider the geometric limit (N∞, x∞)
of (N, xj), passing to a subsequence if necessary. Since the length of γj is bounded
from above by Lemma 4.2 and from below by δ > 0 by our assumption, the geomet-
ric limit exists (as a hyperbolic 3-manifold) if we take a subsequence, and does not
depend on the choice of xj as long as it lies on γj once we fix some geometrically
convergent subsequence. Let ρi : BRi(N, xj)→ BKiRi(N∞, x∞) be an approximate
isometry associated to the geometric convergence with Ri →∞ and Ki → 1. In the
geometric limit N∞, we have the limit γ∞ of γj , which is a closed geodesic since the
lengths of the γj are bounded away from 0. The geometric limit of pleated surfaces
with boundary components on γj are pleated surfaces with a boundary component
on γ∞. We should also note that if we fix a positive constant ǫ smaller than δ and
ε1, then all the pleated surfaces intersect the ǫ-thin part of N only at near their
boundary components other than γj , and hence that the limit pleated surfaces can
intersect the ǫ-thin part only near their boundary components other than γ∞. Since
kj → ∞, we can find among the limit pleated surfaces, two limit pleated surfaces
F1, F2 such that F2 is homotopic to F1 in a small regular neighbourhood F1 whereas
ρ−1i (F1) and ρ
−1
i (F2) are not homotopic. This is a contradiction.
It remains to deal with the case when ℜωM (Vj) → ∞ whereas ℑωM (Vj) is
bounded. Fix a horizontal simple closed curve ci on ∂Vj . We let di be a simple
closed curve on ∂Vj intersecting ci at one point and having shortest length among
all simple closed curves intersecting ci at one point. Let mj be a meridian of Vj .
Since dj intersects cj at one point, as elements of the first homology group of ∂Vj ,
we have [dj ] = [mj ] + αj [cj ] with αj ∈ Z if we fix orientations on cj,mj and dj .
Since we assumed that ℜωM (Vj) → ∞, we have |αj | → ∞, and in particular,
we can assume that αj 6= 0 by taking a subsequence. Since the length of dj
is shortest among the simple closed curves intersecting cj at one point, we have
length∂Vj (dj) ≤ (ℑωM (Vj) + 1)ǫ1. Now, since ∂Vj is contained in M [0], by the
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condition (6) above, we have length(f2(dj)) ≤ L(0)(ℑωM (Vj) + 1)ǫ1. The right
hand side is bounded above since we have already proved ℑωM (Vj) is bounded as
j →∞. Since [dj ] = [mj ]+αj [cj ], the curve f2(dj) with an appropriate orientation
is homotopic to the |αj |-time iteration of γj in N . This implies lengthf2(dj) ≥
|αj |length(γj). The right hand side goes to∞, whereas the left hand side is bounded
as we have seen above. This is a contradiction. 
Having proved Lemma 4.3, the rest of modification as in Minsky [Mi2] to get
a proper, degree-1 map f3 : M → N0 such that f3|M [k] is K3-Lipschitz with K3
depending only on ξ(S) works without changes.
We state one more property of f3.
(7) Since f3 has degree 1, there exist constants k2 and ǫ(k2) as in the condition
(5) depending only on ξ(S) such that any ε1-Margulis tube in N whose core
curve has length less than ǫ(k2) is contained in the image of a component
of V [k2].
4.2. Preliminary steps to homotope f3 to a bi-Lipschitz map. We now turn
to modify f3 to a bi-Lipschitz homeomorphism, which was done in Brock-Canary-
Minsky [BCM] for the case of surface Kleinian groups. Recall that we moved V so
that for each brick B in Kint, if its upper or lower front ∂±B is real, then every
component of ∂±B \ V is a thrice-punctured sphere. We parametrise B as F × J
with a closed or half-open interval J . We define i(B) to be a simplex in C(F ) with
empty transversals such that i(B) × {minJ} is homotopic to ∂−B ∩ V if ∂−B is
real, and to be the ending lamination of the end corresponding to F × {inf J} if
∂−B is ideal. Similarly we define t(B) for the upper boundary of B. We shall first
show that in this setting, the block decomposition of B induced by V corresponds
to a hierarchy in the sense of Masur-Minsky [MM2].
Lemma 4.4. Let B be a brick in Kint, which is homeomorphic to F × J with
a closed or half-open interval J . Then there is a 4-complete hierarchy h of tight
geodesics on F with I(h) = i(B) and T (h) = t(B) whose 4-sub-hierarchy gives
rise to the same block decomposition of B as the one induced by V converted as in
Remark 3.4 to Minsky’s decomposition.
Proof. In the construction of V in the previous section, we began with putting
tight tube unions in all connectable bricks in Mint whose initial and terminal ver-
tices are in l(K). After that, we merged homotopic tubes into one and let the
obtained tube union be V(1). Then we considered the brick manifold M (1) which
is the complement of V(1) and repeated the same procedure until we got a block
decomposition. Now, we shall look more closely how tubes are put (and merged)
in B during this construction and define tight geodesics which constitute h. We
define I(B) = i(B) × inf J and T (B) = t(B) × sup J . (These may be larger than
I(B) and T (B) defined in the previous section.)
If B is connectable in the first step of the construction of V , then we get a tube
union VB on B in the first step, which corresponds to a tight geodesic gB in C(F )
connecting a component of l(K)∩∂−B with a component of l(K)∩∂+B. (If one of
them is an ending lamination, the geodesic gB refers to a tight geodesic ray tending
to it.) Since l(K) ∩ ∂−B ⊂ i(B) and l(K) ∩ ∂+B ⊂ t(B), we can assume that gB
has i(B) as the initial marking, and t(B) as the terminal marking.
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We next consider how the merging of tubes is reflected in the construction of
geodesics in the hierarchy still under the assumption that B is connectable at the
first step. If there is a tube V in B which is merged with another homotopic tube
V ′ in another brick B′, then a core curve v of V must be in either i(B) or t(B)
since ∂±B \ V consists of thrice-punctured spheres. This can occur only when the
core curve is contained in either the first, or the second, or the second but last, or
the last simplex of the geodesic gB, for its core curve regarded as a curve on ∂±B
cannot have non-zero intersection number with I(B) or T(B). If v is contained in
the first or the last vertex of gB, this procedure of merging does not affect tubes in
B. Otherwise, v is contained in either the second or the second to the last simplex
of gB. In this case, we regard the procedure as corresponding to putting a geodesic
consisting of only one vertex, i.e. of length 0, which is subordinate to gB at the first
or the last vertex.
Next, we shall consider the case when B is not connectable at the first step. In
the second step, either B is contained in another brick B¯ constituting M (1) or B is
split into two (or more) in the process of merging two homotopic tubes of V(1), one
lying above B and the other below B. In the latter case, let V1, . . . , Vp be tubes
in V(1) which split B. We should note that these tubes have core curves which
are homotopic to curves both in I(B) and T (B) then. Let v1, . . . , vp be curves
on F corresponding to their core curves. Then we define geodesics g1, . . . , gp each
of which consists of only one vertex, such that D(g1) = F , D(gj) is a component
of F \ ∪j−1s=1vs for j = 2, . . . p, I(gj) = i(B) ∩ D(gj), T (gj) = t(B) ∩ D(gj), and
gj−1
d
ւ gj
d
ց gj−1, and let them be geodesics contained in h.
In the former case, if B¯ is connectable in M (1), then we consider VB¯ ∩B, where
as explained above B is assumed to be in a position such that V ∩ ∂−B is a regular
neighbourhood of I(B) and V ∩ ∂+B is that of T (B), and define gB to be the tight
geodesic in C(F ) corresponding to VB¯ ∩B. As before, we define I(gB) = i(B) and
T (gB) = t(B). If B¯ is not connectable, we proceed to the following step and repeat
the same procedure depending on either there is a brick containing B¯ or B¯ is split
by merging of homotopic tubes. Thus we have defined gB, together with some more
geodesics in h in the case when B is split. We shall now turn to subsequent steps.
In subsequent steps, we put a tight tube union VB′ into a brick B′ constituting
a brick decomposition of Mint \V
(k). We shall show that the intersection with B of
each tube union in a connectable brick B′ in the (k+1)-th step gives rise to a tight
geodesic on F which is subordinate to the ones obtained up to the k-th step. This
implies that at the final step, we shall get a hierarchy on F connecting i(B) and
t(B). To show that, we shall analyse what a tube union in B′ brings about to B,
dividing the argument into subcases depending on the location of B′ with regard
to B. (Again, B is in a position where ∂−B ∩V is a regular neighbourhood of I(B)
and ∂+B ∩V is that of T (B).) We parametrise B′ as F ′ × J ′ with F ′ ⊂ F , in such
a way that horizontal leaves and vertical leaves are contained in those of bricks in
Kint. Since F ′ × {x} for x ∈ IntJ ′ is a horizontal leaf whose boundary lies on ∂Vk,
the surface F ′ is a component domain of a geodesic corresponding to a tube union
which was already put into M up to the k-th step. Now we divide our argument
into three, depending on the inclusive relation between J and J ′.
First, suppose that B′ is contained in B, which means that both ∂−B
′ and ∂+B
′
lie in B and J ′ is contained in J . We define I(B′) = ∂−B
′∩(V(k)∪(i(B)×inf J)) and
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T (B′) = ∂+B
′∩(V(k)∪(t(B)×supJ)). In this definition, we need to add i(B)×inf J
and t(B)×sup J to deal with the case when inf B′ = inf B or supB′ = supB. Note
that I(B′) is the union of core curves in V(k)∩∂−B
′ and T (B′) is that of V(k)∩∂+B
′,
which are contained in I(B′) and T (B′) respectively. By our construction of V(k+1),
the tube union VB′ in B′ connects a component of I(B′) to that of T (B′). We
define gB′ to be the tight geodesic corresponding to VB′ whose initial and terminal
markings are simplices corresponding to I(B′) and T (B′) respectively. The geodesic
gB′ corresponds to a tube union connecting a tube in I(B
′) to that in T (B′), which
are contained in (V(k)∩B)∪(i(B)×inf J) and (V(k)∩B)∪(t(B)×supJ) respectively.
This shows that the tight geodesic gB′ is both forward and backward subordinate
to a geodesic in h which was obtained up to the k-th step.
Next suppose that, one of ∂−B
′ and ∂+B
′ is contained in B whereas the other is
not. This means that one of the endpoints of J ′ lies in J whereas the other does not.
Now, we assume that ∂−B
′ is the one contained in B: for the other case, we can
argue in the same way, just interchanging the directions. In this situation, I(B′)
consists of core curves of ∂−B ∩ V(k) which is contained in V(k) ∩B. On the other
hand, T (B′) may not lie in B. Now, by our definition of V , the tube union VB′ is
contained in V . Therefore, VB′ intersects ∂+B by components of ∂+B ∩V since we
moved V so that every component of ∂+B \V is a thrice-punctured sphere. (Recall
that unless ξ(B′) = 4, the upper front of each tube of VB′ lies on the same horizontal
level as the lower front of the subsequent tube. In the case when ξ(B′) = 4, there
is a gap between them, but we moved V so that ∂±B avoid such gaps.) Therefore,
if we consider a sub-tube union V¯B′ of VB′ starting from the first tube and ending
at a tube in ∂+B ∩V , then it is exactly what VB′ brings about to B. If VB′ ∩ ∂+B
consists of only one component, then we let gB¯′ be the tight geodesic corresponding
to V¯B′ defining I(gB¯′) to be a simplex consisting of curves corresponding to core
curves of ∂−B
′ ∩ (V(k) ∪ (i(B)× inf J)) and T (gB¯′) to be t(B)∩F
′. Otherwise, we
choose one component of VB′ , denoted by V 0B′ and remove the others, denoted by
V 1B′ , . . . , V
u
B′ , from V¯B′ , and then define gB¯′ in the same way. Since the last tube of
V¯B′ intersects ∂+B, it has a core curve contained in T (B). This implies that gB¯′ is
forward subordinate to one of the geodesics obtained up to the k-th step. Since we
know that gB¯′ is also backward subordinate to such a geodesic by the argument in
the previous case.
In the case when VB′ ∩ ∂+B is not connected, we further define tight geodesics
g1
B¯′
, . . . , guB′ inductively as follows. Let v
j
B′ be a core curve of V
j
B′ for j = 0, . . . , u.
Let D be a component of F \ v0B′ containing v
1
B′ , and let v
−1
B′ be the simplex of gB¯′
which precedes v0B′ . Then we define g
1
B′ to be a tight geodesic of length 1 supported
on D with I(g1B′) equal to v
−1
B′ ∩ D and T (g
1
B′) equal to t(B) ∩ D. In the same
way, we define Dk to be the component of F \ (v0B′ ∪ · · · ∪ v
k−1
B′ ) containing v
k
B′
and gkB′ to be a tight geodesic of length 1 supported on D
k with I(gkB′) equal to
vB′ ∩Dk and T (gkb′) equal to t(B) ∩D
k. Then all these geodesics g0B′ , . . . , g
u
B′ are
subordinate to gB¯′ in both directions. Thus in either case, we get tight geodesics
which are both backward and forward subordinate to geodesics in h obtained up
to the previous step.
Finally suppose that neither ∂−B
′ nor ∂+B
′ is contained in B. Then VB′ inter-
sects ∂−B by a union of solid tori V1 contained in ∂−B ∩ V and ∂+B by a union
of solid tori V2 contained in ∂+B ∩ V . We define V¯B′ to be the sub-tube union of
VB′ starting from a component of V1 and ending at a component of V2. Then V¯B′
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is the union of tubes which VB′ brings about to B. We define gB¯′ to be the corre-
sponding tight geodesic supported on F ′, setting its initial and terminal markings
to be i(B) ∩ F ′ and t(B) ∩ F ′ respectively. In the same way as in the previous
paragraph, we define geodesics of length 1 corresponding to the components of V1
and V2 which are not chosen. These geodesics are both forward and backward sub-
ordinate to geodesics which are obtained up to the k-th step by the same reason as
in the previous case.
Now, recall that in each step, we also merge homotopic tubes into one. As
was analysed in the first step, this procedure corresponds to putting a geodesic
consisting of only one vertex which is subordinate to a geodesic which was already
constructed in the previous steps. Thus we have shown that at each step we get a
geodesic subordinate to those which we have already had and at the final step, we
get non-annular geodesics in h.
We shall next define annular geodesics of h. Let V be a tube in V intersecting B
along its entire boundary. We parametrise V as A× [0, 1] preserving leaves. Since
A × {0} lies on ∂+b for some block b of the form Σ0,4 × J or Σ1,1 × J , the core
curve of the annulus on ∂−b which is the complement of the other blocs intersecting
∂−b defines an arc on A× {0} which is regarded as a vertex v− in C(A). Similarly
we can define an arc on A × {1} regarded as a vertex v+ in C(A). We define a
geodesic gB supported on A connecting v− and v+, and let it be contained in h.
By our construction, this geodesic is both forward and backward subordinate to
4-geodesics.
It remains to show that the block decomposition of B induced from V is com-
patible with h. This means that we have a resolution of the 4-sub-hierarchy of h
which gives rise to the block decomposition induced from V . We consider the family
of horizontal surfaces F × {t} in B. Then outside countably many intervals corre-
sponding to gaps which we introduced for 4-geodesics, F ×{t} ∩ V induces a pants
decomposition of F . We should also note that if t is contained in a gap interval, then
F × {t} passes a block of the form either Σ0,4 × J or Σ1,1 × J . Passing each inter-
val of gap, the configuration of pants decomposition changes by elementary moves
which may take place at finitely many disjoint places at the same time. This must
come from stepping forward on 4-geodesics which we defined above. Therefore, we
can define a resolution of the 4-sub-hierarchy of h. Since each elementary move
also corresponds to a block of the form Σ0,4 × J or Σ1,1 × J in our decomposition,
the block decomposition induced from this resolution is obtained by converting the
one induced from V as in Remark 3.4. 
In a hierarchy, a curve can appear at most once. Since our tube union V itself
does not correspond to a hierarchy, (only its restriction to a brick corresponds to a
hierarchy) we need to show the same kind of property for V .
Lemma 4.5. There are no two distinct tubes in V which are homotopic in M .
Proof. Suppose, seeking a contradiction, that there are tubes V1, V2 in V which are
homotopic to each other in M . Let k1, k2 be the numbers such that V1 ∈ V(k1) and
V2 ∈ V(k2), and set k = max{k1, k2}. (When we say Vs ∈ V(ks) for s = 1, 2, we
take the smallest ks such that V
(ks) contains Vs. We follow the same convention
throughout the proof.) Then longitudes of V1 and V2 pushed out to their boundaries
are not homotopic in M (k), for otherwise they should have been merged into one in
our construction. Let U be the union of tubes in ∪kj=1Vk which intersects essentially
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an embedded annulus A bounded by the pushed-out longitudes of V1 and V2 in
M . (These are determined independently of the choice of an annulus since M is
atoroidal.)
Let U ∈ U be a tube which appears in the earliest step among the tubes in U ,
and suppose that U ∈ V(l). Note that we have l ≤ k by our definition of U . Let
B ∼= F × J be a brick in K(l−1) where U appears as a tube in the tight tube union.
If either V1 or V2, say V1, intersects a front of B, then by replacing V1 ∩B with V1,
we can assume that both V1 and V2 are disjoint from the fronts of B. First suppose
that both V1 and V2 are contained in B. In the following argument, for two tubes
U, V ∈ V , we write U ≈ V if U = A1 × J1, V = A2 × J2 and IntJ1 ∩ IntJ2 6= ∅
for the parametrisation on S × (0, 1) in which M is embedded by ιM . In the k-th
step, a tight tube union VB corresponding to a tight geodesic gB on C(F ) is given.
Then there are tubes U1, U2 in the tight tube union of B such that V1 ≈ U1 and
V2 ≈ U2. Since U intersects A, we have U1 < U < U2 or U2 < U < U1 with respect
to the ordering on the simplices of gB. Let u1, u2, u, v be vertices of C(F ), which
correspond to U1, U2, U, V1. Then, we have u1, u2 ∈ φgB (v) whereas u 6∈ φgB (v).
This contradicts the fact that φgB (u) consists of contiguous, which was proved in
Lemma 4.10 in Masur-Minsky [MM2].
Next suppose that one of V1, V2, say V1, lies outside B whereas V2 is contained in
B. In this case, A passes through a joint contained in the upper or the lower front of
B. We only consider the case when A passes through a joint in the upper front. The
other case can be dealt with in the same way just by turning the figure upside down.
Since A passes through a joint in the upper front, we have the vertical projection of
the core curve of T (B) is disjoint from that of the core curve of V1, which implies
that the last vertex u∞ of gB is contained in φgB (v). As in the previous paragraph,
we have u1 < u < u∞ and u1, u∞ ∈ φgB (v) whereas u 6∈ φgB (v), which contradicts
Lemma 4.10 of [MM2] as before. Also in the case when both V1 and V2 lie outside
B, we can argue in the same way considering joints which A passes contained in
the upper and the lower fronts. Then we see that the first and the last vertices
are contained in φgB (v) whereas u is not. This again contradicts Lemma 4.10 in
[MM2], which completes the proof. 
The next lemma is obtained from Otal [Ot] for hyperbolic 3-manifolds home-
omorphic to S × R for a hyperbolic surface S. Since the only condition that is
necessary for the proof is the fact that the manifold can be filled up by incom-
pressible pleated surfaces (with bounded genus), his argument also works in our
settings.
Lemma 4.6. There is a constant k0 depending only on χ(S) such that for any
k ≥ k0 and tubes V ∈ V [k], the core curves c of the V are mapped by f3 to unknotted
and unlinked closed geodesics, i.e. there is a isotopy of S × (0, 1) which takes ιN (c)
to disjoint collection of simple closed curves lying on horizontal surfaces.
Take k2 in the condition (7) so that ǫ(k2) is less than our fixed ε1 (less than the
Margulis constant). By Lemma 4.3. there exists k1 such that if |ω(V )| ≥ k1, then
f(v) has length less than ǫ(k2). We define ku = max{k0, k1, k2} for k0 in the above
lemma, and let ǫu be ǫ(ku).
Now, we recall the following definition of topological order introduced in Brock-
Canary-Minsky [BCM], which we shall apply for surfaces in M or N0.
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Definition 4.7 (Brock-Canary-Minsky [BCM]). Let f1 : F1 →M and f2 : F2 →M
be maps from essential subsurfaces F1, F2 ⊂ S such that ιM ◦ Fj is homotopic to
the inclusion Fj → Fj × {t}. We say f1 ≺top f2 if and only if ιM ◦ f1 can be
homotoped to S×{0} without touching ιM ◦ f2(F2) and ιM ◦ f2 can be homotoped
to S × {1} without touching ιM ◦ f1(F1). We define the topological order on maps
from surfaces to N0 in the same way just replacing M with N0 and ιM with ιN .
We should also recall that two embedded surfaces F1, F2 in S× (0, 1) are said to
overlap if their projections to S have essential intersection. We use this term also
for surfaces in M or N0, for they can be embedded in S × (0, 1) by ιM and ιN .
4.3. Homotoping f3 to a homeomorphism. We shall next consider to homo-
tope f3 so that its restriction to the union of the joints of the bricks is an embedding.
Let F be a joint of B with another brick. Recall that F intersects V in such a way
that each component of F \ V is a thrice-punctured sphere. We define Fˇ [k] to be
an embedded surface in B ∩M [k] obtained from F by isotoping annuli in F ∩ V [k]
to those on ∂V [k]. There are two choices for an annulus for each component of
F ∩V [k]. We take an annulus on ∂V [k] which is situated lower than the other with
respect to the embedding ιM .
Recall that the images of V [ku] are unknotted and unlinked ε1-Margulis tubes
whose core curves have lengths less than ǫ(k2). Conversely, every ε1-Margulis tube
whose core curve has length less than ǫ(k2) is the image of a component of V [k2]
by f3. Recall that we denote the union of the Margulis tubes which are images of
tubes in V [ku] by T [ku]. We denote N0 \ IntT [ku] by N [ku]. By Lemma 4.5, f3
induces a bijection between the components of V [ku] and those of T [ku]. Moreover,
the image of M [k2] is disjoint from T [ku] by the condition (5). Again by Lemma
4.5, no tubes in V [k2]\V [ku] are mapped to T [ku]. Therefore f3 induces a Lipschitz
map f3 :M [ku]→ N [ku].
Proposition 4.8. The Lipschitz map f3 : M [ku] → N [ku] can be properly homo-
toped to a homeomorphism f4 : M [ku]→ N [ku], which extends to a homeomorphism
between M and N0. This map f4 may not be Lipschitz.
Proof. Let B be a brick of Mint. We denote by F
+
1 , . . . , F
+
µ its joints contained
in the upper front, and by F−1 , . . . , F
−
ν those contained in the lower front. (One
of the fronts may be ideal; hence one of these families may be empty.) We con-
sider Fˇ+1 [ku], . . . , Fˇ
+
µ [ku] and Fˇ
−
1 [ku], . . . , Fˇ
−
ν [ku] as defined above, and denote their
unions by Fˇ+ and Fˇ−. Note that both Fˇ+ and Fˇ− are incompressible in M . By
changing each joint F to Fˇ , we get a brick decomposition of M which is isotopic
to the original one. From now on until the end of the proof of this proposition,
when we refer to a brick B, we mean the one in this new decomposition, which
is isotopic to the original B. Let pB : MB → M be the covering associated to
the image of π1(B) in π1(M). Similarly, we consider the covering NB of N0 as-
sociated to (f3)#π1(B). Let f˜3 : MB → NB be the lift of f3 which is uniformly
Lipschitz outside the preimages of V [ku], and f˜ : MB → NB that of f , which is
a homeomorphism. The surfaces Fˇ+, Fˇ− lift homeomorphically to surfaces F˜+, F˜−
lying on the boundary of a submanifold B˜ homeomorphic to B under pB. We use
the symbols ∂−B˜ and ∂+B˜ to denote the fronts of B˜ corresponding to ∂−B and
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∂+B respectively. Let V˜ [k2] and T˜ [ku] be the preimages of V [k2] and T [ku] respec-
tively. We denote by MB[ku] the complement of IntV˜ [ku] in MB, and by NB[ku]
the complement of IntT˜ [ku] in NB.
Note that f˜3|(F˜+ ⊔ F˜−) is properly homotopic to f˜ |(F˜+ ⊔ F˜−) which is an em-
bedding. We can assume that f˜3|(F˜+ ⊔ F˜−) is an immersion from the start by
perturbing it. Then, as was shown in Freedman-Hass-Scott [FHS], f˜3|(F˜+ ⊔ F˜−)
can be properly homotoped to an embedding by a homotopy which passes through
only relatively compact components of NB \ f˜3(F˜+ ⊔ F˜−). We note that each of
such relatively compact components is homeomorphic to a trivial I-bundle whose
associated ∂I-bundle can be identified with a compact subsurface of F˜+ ⊔ F˜−.
Suppose that a component W of NB \ f˜3(F˜+ ⊔ F˜−) intersects a component T of
T˜ [ku]. This means that W contains T since f3(Fˇ ) is disjoint from T [ku]. We shall
now prove the following claim.
Claim 4.9. The surfaces f˜3(F˜+) and f˜3(F˜−) are homotopic to disjoint embeddings
by proper homotopies which do not touch T .
Proof. Because f3 satisfies the conditions (3), (5) and (7), there is a unique com-
ponent V of V˜ [ku], which is a solid torus, such that f˜3(V ) = T . Since M [ku] is
mapped to N [ku] and V [ku] bijects to T [ku], we see that f˜3(MB \ V ) ⊂ NB \ T .
Since every Kleinian surface group is tame, the interior of NB is homeomorphic
to ∂−B × (0, 1), and hence so is MB. Let V1, . . . , Vp be all components of ∂M ,
which are open annuli or tori, whose longitudes or core curves are homotopic into
Fˇ+1 ∪ · · · ∪ Fˇ
+
µ in M \ IntB. We renumber them in such a way that V1, . . . , Vr
are disjoint from B whereas Vr+1, . . . , Vp intersect B along annuli. By the annulus
theorem and a standard cut-and-paste technique, we see that there are disjoint em-
bedded annuli α1, . . . , αr realising homotopies between longitudes or core curves on
V1, . . . , Vp and simple closed curves on Fˇ
+
1 ∪· · ·∪ Fˇ
+
p with ∂αj ⊂ Vj∪ Fˇ
+
1 ∪· · ·∪ Fˇ
+
p .
We can lift V1, . . . , Vp and α1, . . . , αr to open annuli A1, . . . , Ap on ∂MB and annuli
α˜1, . . . , α˜r such that Aj and α˜j intersect at a core curve of Aj for j = 1, . . . , r. Simi-
larly, we consider components V ′1 , . . . , V
′
q of ∂M whose longitudes or core curves are
homotopic into Fˇ−1 ∪ · · · ∪ Fˇ
−
ν in M \ IntB, among which V
′
1 , . . . , V
′
s lie outside B,
and take annuli α′1, . . . , α
′
s realising homotopies between longitudes or core curves
to Fˇ−1 ∪ · · · ∪ Fˇ
−
ν . We lift V
′
1 , . . . , V
′
q to open annuli A
′
1, . . . , A
′
q and α
′
1, . . . , α
′
s to
annuli α˜′1, . . . , α˜
′
s in the same way as before.
Let A¯1, . . . , A¯p and A¯
′
1, . . . , A¯
′
q be core annuli of A1, . . . , Ap and A
′
1, . . . , A
′
q such
that A¯j contains α˜j ∩Aj for j ≤ r whereas A¯j = B˜ ∩Aj for j > r, and A¯′j contains
α′j ∩ A
′
j for j ≤ s whereas A¯
′
j = B˜ ∩ A
′
j for j > s. By identifying ∂−B˜ and ∂+B˜
by vertical translation and ∂−B˜ with ∂−B by pB, we regard A¯1, . . . , A¯p; A¯
′
1, . . . , A¯
′
q
as lying on ∂−B. To construct parts corresponding to the Z-cusps in ∂−B × (0, 1),
we set U+ = (A¯1 ∪ · · · ∪ A¯r) × (7/8, 1), U ′+ = (A¯r+1 ∪ · · · ∪ A¯p) × (3/4, 1), U− =
(A¯′1 ∪ · · · ∪ A¯
′
s) × (0, 1/8), and U
′
− = (A¯
′
s+1 ∪ · · · ∪ A¯
′
q) × (0, 1/4) and denote the
union of these four parts by U . We parametrise MB by a proper homeomorphism
IM :MB → ∂−B× (0, 1)\U , in such a way that Fˇ− is identified with the horizontal
surface ∂−B × {1/4} \ IntU ′− whereas F˜+ is identified with the horizontal surface
∂+B × {3/4} \ IntU
′
+.
Similarly, we parametrise NB by a homeomorphism IN : NB → ∂−B× (0, 1) \U
in such a way that IN (f˜3(B˜)) lies in ∂−B × [1/4, 3/4] and IN (W ) lies in ∂−B ×
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[1/8, 7/8]. Note that each component of ∂U corresponds to the boundary of a Z-
cusp neighbourhood ofNB. SinceNB is the covering of the non-cuspidal partN0, we
can extend NB to a hyperbolic 3-manifold NˆB which is the covering of N associated
to π1(B) by attaching cusp neighbourhoods. Therefore, the parametrisation IN
extends to a homeomorphism IˆN : NˆB → ∂−B × (0, 1).
Since both Fˇ+ and Fˇ− are disjoint from V˜ [ku], the solid torus IM (V ) is contained
in either ∂−B×(0, 1/4) or ∂−B×(1/4, 3/4) or ∂−B×(3/4, 1). We shall first consider
the case when IM (V ) is contained in ∂−B × (1/4, 3/4). Take a sufficiently small
number s0 so that both Iˆ
−1
N (∂−B × (1− s0, 1)) and Iˆ
−1
N (∂−B × (0, s0)) are disjoint
from the 1-neighbourhood ofW . Since f3 is proper and has degree 1, for sufficiently
small t0 > 0, the surfaces IN ◦ f˜3◦I
−1
M (∂−B×{t0}\U) and IN ◦ f˜3◦I
−1
M (∂−B×{1−
t0} \ U) are contained in ∂−B × (0, s0) and ∂−B × (1− s0, 1) respectively. Denote
I−1M (F˜+ × {1− t0} \ U) by F
′
+, and I
−1
M (F˜− × {t0} \ U) by F
′
−.
We can enlarge F ′− and F
′
+ to surfaces Fˇ
′
− and Fˇ
′
+ homeomorphic to Fˇ− and Fˇ+
respectively by joining pairs of parallel boundary components of F ′− lying on ∂U−
by annuli on ∂U− bounded by them, and those of F
′
+ lying on ∂U+ by annuli on
∂U+ bounded by them. On the other hand, since f˜3(F
′
−) and f˜3(F
′
+) are disjoint
from the 1-neighbourhood of W , we can enlarge f˜3(F
′
−) and f˜3(F
′
+) by joining
each pair of parallel boundary component on IN ◦ f˜3(∂U− ∪ ∂U+) ⊂ ∂N0 by an
annulus embedded in the closure of an ε-cusp neighbourhood which is a component
of N \IntN0 so that their images under IˆN are contained in ∂−B×(0, s0) and ∂−B×
(1 − s0, 1) respectively. These surfaces, which are homeomorphic to Fˇ− and Fˇ+,
are homotopic to embeddings F¯− and F¯+ respectively outside the 1-neighbourhood
of W by our choice of s0, again using the result of Freedman-Hass-Scott. Then
by our choice of t0, we see that f˜3(Fˇ
′
+) and f˜3(Fˇ
′
−) are homotopic to F¯− and
F¯+ respectively by homotopies disjoint from W ⊃ T . Since f˜3(F˜−) is homotopic
to f˜3(Fˇ
′
−) outside T and f˜3(F˜+) is homotopic to f˜3(Fˇ
′
+) outside T (for IM (V ) is
contained in ∂−B× (1/4, 3/4) and f˜3(MB \V ) ⊂ NB \T ), the surfaces f˜3(F˜−) and
f˜3(F˜+) are homotopic to disjoint embeddings by homotopies disjoint from T .
Next suppose that IM (V ) is contained in ∂−B × (0, 1/4). In this case, we shall
consider to move both F˜− and F˜+ in the +-direction. As in the previous case, there
are sufficiently small s0, t0 > 0 such that Iˆ
−1
N (∂−B × (1 − s0)) is disjoint from the
1-neighbourhood of W , and such that IN ◦ f˜3 ◦ I
−1
M (∂−B × {1 − t0}) is contained
in ∂−B × (1 − s0, 1). Then, by the same argument as in the previous case, we
can see that both f˜3(F˜−) and f˜3(F˜+) are homotopic to an embedding contained
in Iˆ−1N (∂−B × (1 − s0, 1)) by a homotopy outside T . They can be homotoped to
disjoint embeddings just by considering parallel copies of the embedding. Thus we
are done also in this case. The argument for the case when IM (V ) is contained
in ∂−B × (3/4, 1) is the same way just by changing the +-direction to the −-
direction. 
The above claim says that a homotopy from f3(F˜+ ⊔ F˜−) can be taken to be
disjoint from W since any homotopy passing through W must intersect T . We can
repeat the same argument for every relatively compact component of N0 \ f˜3(F˜+ ⊔
F˜−) containing a component of T˜ [ku] and show that f˜3(F˜+⊔F˜−) can be homotoped
to an embedding by a homotopy within NB[ku].
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Now, we consider a new hyperbolic metric mN on IntN [ku] which makes every
component of T [ku] a torus cusp preserving the original cusps of N . Pull back
this metric to IntNB[ku] and denote it by mB. We consider a least area map
h3 : F˜− ⊔ F˜+ → (IntNB[ku],mB) homotopic to f˜3|F˜− ⊔ F˜+. By the main result of
Freedman-Hass-Scott [FHS], h3 is an embedding.
In the following argument, we shall use the notion of topological order due to
Brock-Canary-Minsky [BCM] which we explained in Definition 4.7.
Claim 4.10. Let B be a brick in Mint neither of whose fronts lies on the bound-
ary of Mint. Then the embedding h3 can be extended to an orientation-preserving
embedding of B˜ ∩ IntMB[ku] to (IntNB[ku],mB) taking B˜ ∩ V˜ [ku] to cusps corre-
sponding to T˜ [ku] and the homotopy classes of meridians of tube components of
B˜ ∩ V˜ [ku] to those of T˜ [ku].
Proof. Recall that there is a homeomorphism IN : NB → ∂−B × (0, 1) \U . By our
definition of ku, the images of the tube components of T˜ [ku] under IN are unknotted
and unlinked in ∂−B×(0, 1). Since ends of h3(F˜−⊔F˜+) other than those tending to
cusps ofNB tend to IN (∂T˜ [ku]), the surfaces IN ◦h3(F˜−)⊔IN ◦h3(F˜+) together with
annuli on IN (∂T˜ [ku]) bound a submanifold homeomorphic to ∂−B× [1/4, 3/4] ∼= B˜.
We shall first prove that IN ◦ h3(F˜+) is situated above IN ◦ h3(F˜−). This trivially
holds when one of F˜+ and F˜− is empty. Therefore, we assume that neither of them
is empty. Since we assumed that neither ∂−B nor ∂+B lie on the boundary ofMint,
both ∂−B˜ ∩ ∂MB and ∂+B˜ ∩ ∂MB are non-empty.
By Assumption 3.3, every component of ∂−B ∩ ∂M overlaps some component
of ∂+B ∩ ∂M . Therefore, we can take components X and X ′ of V˜ [ku] on which
boundary components of F˜+ and of F˜− lie respectively such that X ∩ B˜ and X
′∩ B˜
overlap. It follows that we have X ∩ B˜ ≺top X
′ ∩ B˜. Since f˜3 is a proper degree 1-
map and f˜3|V˜ [ku] is a homeomorphism to its image, this implies that f˜3(X∩B˜) ≺top
f˜3(X ∩ B˜). On the other hand, if IN ◦ h3(F˜+) is situated under IN ◦ h3(F˜−), then
we should have f˜3(X
′ ∩ B˜) ≺top f˜3(X ∩ B˜), which is a contradiction. Thus we
have proved that IN ◦ h3(F˜+) is situated above IN ◦ h3(F˜−) and h3 extends to an
orientation-preserving homeomorphism from B˜ to a submanifold BN bounded by
h3(F˜− ∪ F˜+).
We shall next show that this homeomorphism induces one between B˜∩IntMB[ku]
to BN ∩ IntNB[ku]. For that, it suffices to show that for the components of V˜ [ku]
in B˜, the corresponding components of T˜ [ku] are contained in BN preserving the
topological order since all such components in BN are unknotted and unlinked. Let
V be a component of V˜ [ku] contained in B˜. Then we have F˜− ≺top V ≺top F˜+.
Let T be a component of T˜ [ku] with T = f˜3(V ). Since f˜3 is a proper degree-
1 map and takes MB \ V to NB \ T , we see that f˜3(F˜−) ≺top T ≺top f˜3(F˜+).
Since h3, defined on F˜− ⊔ F˜+, is homotopic to f3|(F˜− ⊔ F˜+) in NB[ku], we also
have h3(F˜−) ≺top T ≺top h3(F˜+). Therefore any tube component of V [ku] in
B˜ has its corresponding Margulis tube in BN . Now suppose that we have two
such tube components V1, V2 with V1 ≺top V2. Let T1, T2 be the components of
T˜ [ku] with f˜3(V1) = T1 and f˜3(V2) = T2. Then by the same argument as above
using the bijective correspondence between the components of V˜ [ku] and T˜ [ku], we
have T1 ≺top T2. Thus we have shown that we have a homeomorphism h¯3 from
B˜ ∩ IntMB[ku] to BN ∩ IntNB[ku] which is an extension of h3.
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It remains to show that a meridian of a solid torus component of V˜ [ku] con-
tained in B˜ is taken to a meridian of T˜ [ku] by h¯3. This is rather obvious from our
construction: for f˜3 takes meridians of solid torus components of V˜[ku] to those of
T˜ [ku]. 
Now, for each brick B of Kint neither of whose fronts lies on the boundary of
Mint, we consider B ∩ IntM [ku], its lift B˜ in IntMB[ku], and its embedding of
IntNB[ku] by an extension of h3 as above, which we denote by BN as above. We
denote the map taking B ∩ IntM [ku] to BN in this way by fB. We regard BN as
a hyperbolic 3-manifold with boundary by restricting the metric mB, and call BN
with this metric the least-area realisation of B. When B is a brick one of whose
front lies on the boundary of Mint, we define BN to be a submanifold of IntNB[ku]
homeomorphic to ∂−B× (0, 1) obtained by cutting IntNB[ku] along the embedding
of one of the boundary components of B˜ whose projection in M does not lie on the
boundary of Mint, which is defined using the least area map in the same way as
above.
Suppose that two bricks B1 and B2 share a joint F . We can assume F is a
component of ∂+B
1 and ∂−B
2 by interchanging B1 and B2 if necessary. Construct
the least-area realisations B1N and B
2
N as above. Then both of their boundaries
contain a least area surface corresponding to F as components. We denote by F j
the one contained in ∂BjN for j = 1, 2. Since the projections of F
1 and F 2 in
(IntN [ku],mN ) are least-area surfaces homotopic to f3(F ) (which might not be
embeddings), they must coincide. Therefore, F 1 is isometric to F 2. Then we can
consider the hyperbolic 3-manifold homeomorphic to (IntB1∪IntB2∪F )∩IntM [ku]
by pasting B1N and B
2
N along F
1 and F 2 by an isometry.
Repeating this procedure for every joint on B1 and B2, then again for all the
bricks, we get a hyperbolic 3-manifold N ′[ku] homeomorphic to IntM [ku]. We de-
note the homeomorphism obtained by identifying B ∩ IntM [ku] with BN in N ′[ku]
by h : IntM [ku] → N ′[ku]. We shall show that this manifold is isometric to
(IntN [ku],mN ).
Claim 4.11. There is an isometry f ′ : N ′[ku]→ (IntN [ku],mN ), whose restriction
to BN for each brick B is an isometric embedding homotopic to f3 ◦ f
−1
B in N0.
Proof. For each brick B, by Claim 4.10, there is an embedding h3 : B˜∩IntMB[ku]→
IntNB[ku] homotopic to f˜3|B ∩ IntMB[ku]. If we lift f
−1
B (BN ) to IntMB[ku], and
embed it by h3 into IntNB[ku], then the map is isometric by our definition of the
metric on N ′[ku]. By projecting it to N [ku], we get a locally isometric map from
BN , which was defined above and is bounded by least area surfaces, into IntN [ku].
Since for two bricks sharing a joint, such maps induce the same map on the joint,
we can glue this map at joints and get a local isometry f ′ : N ′[ku] → IntN [ku].
(Note that if two bricks share a joint, then their images by h3 lie on the opposite
sides of the image of the joint by our way of extending h3 in Claim 4.10, which
guarantees that the map is also local isometry at joints.) Since h3 is homotopic to
f3|B, we see that f ′ ◦ h3 is homotopic to f3.
Since f ′ induces an isomorphism between the fundamental groups, to show that
it is an isometry, it is sufficient to show that f ′ is proper. Suppose, seeking a
contradiction, that f ′ is not proper. Then, there exists a sequence of distinct
bricks Bi and points xi ∈ BiN such that f
′(xi) converges in IntN [ku]. Since f
′(xi)
converges, the injectivity radius at f ′(xi) is bounded below by a positive constant
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independent of i, hence so is the injectivity radius at xi. We divide our argument
depending on the distance between xi and ∂B
i
N is bounded or not.
First we consider the case when the distance from xi and ∂B
i
N is bounded as
i→∞. Let F i be a least-area boundary component of BiN from which xi is within
uniformly bounded distance. Since ξ(F i) ≤ ξ(S), the diameter of the thick part
of F i is uniformly bounded. Since xi lies in the thick part, it is within uniformly
bounded distance from either an ε1-Margulis tube or an ε-cusp neighbourhood
touching F i which corresponds to a component V˜ i of T˜ [ku]. We denote by V
i a
component of T [ku] which is the projection of V˜
i.
We can show that in (IntN [ku],mN ), for each component V of T [ku] there are
only finitely many images of joints by f ′ touching V as follows. For any R > 0,
there is a finitely many components of T [ku] and original cusp neighbourhoods of
N which can be reached from V within the distance R modulo the ǫ0-thin part.
Since joints are subsurfaces of S and the boundaries of their images in N [ku] lie in
T [ku] ∪ ∂N0, there are only finitely many possibilities for the boundaries of their
images in N [ku]. This implies there are only finitely many joints up to homotopy
whose images can touch V since there are at most two kinds of homotopy classes of
horizontal surfaces if we fix a boundary. Since no two distinct joints are homotopic
as we removed inessential joints, it follows that there are only finitely many joints
whose images touch V .
Since our joints F i are all distinct, we can assume that all the V i are distinct by
taking a subsequence. Since f3 takes the components of V [ku] to those of T [ku] one-
to-one, and no other part is mapped to T [ku], we see that f
′ takes the V i to distinct
components of T [ku]. Therefore f
′(xi) is within bounded distance from infinitely
many distinct components of T [ku]. Since the f
′(xi) are assumed to converge, this
contradicts the fact that there are only finitely many components of T [ku] within
a bounded distance.
Thus, it only remains to consider the case when the distance from xi to the
boundary of BiN goes to ∞ as i → ∞. Recall that B
i
N was originally a subman-
ifold in IntNBi [ku]. Therefore, we can regard xi also as a point in IntNBi [ku].
Since BiN is bounded by least-area surfaces, it is contained in the convex core of
(IntNBi [ku],mBi). Therefore, there is a pleated surface ki : ∂−B
i → IntNBi [ku]
which is within bounded distance from xi and is homotopic to the inclusion of
∂−B
i as ∂−B
i × {t} with respect the parametrisation NBi ∼= ∂−B
i × (0, 1). Since
the distance from xi to ∂B
i
N goes to ∞, we can assume that the image of ki is
contained in BiN . Hence we can regard ki as a pleated surface in N
′[ku]. Also since
the cuspidal part of N ′[ku] consists of those of N0 and rank-2 cusps corresponding
to T [ku], we can take cusp neighbourhoods which are disjoint from all the images
of ki.
We consider the pleated surfaces f ′ ◦ ki. Since f ′(xi) converges and f ′ ◦ ki is
disjoint from the cusp neighbourhoods which are images of those taken above, the
pleated surface f ′ ◦ ki converges geometrically, passing to a subsequence. This
implies in particular that there are distinct i1, i2 such that f
′ ◦ ki1 and f
′ ◦ ki2 are
properly homotopic. Since f ′ induces an isomorphism between the fundamental
groups, it follows that ki1 and ki2 are properly homotopic. This is a contradiction
since no two horizontal surfaces of distinct bricks are properly homotopic. (Recall
that N ′[ku] and IntM [ku] are homeomorphic.) Thus we have established that f
′ is
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an isometry. By our construction, it is evident that f ′|BN is homotopic to f3 ◦ f
−1
B
in N0. 
Thus IntN [ku] is isometric to N
′[ku] which is the union of the BN each of which
is homeomorphic to B ∩ IntM [ku]. This shows that there is a homeomorphism
h : IntM [ku] → N ′[ku] such that f ′ ◦ h is homotopic to f3|IntM [ku]. By setting
f4 to be the natural extension of f
′ ◦ h to M [ku], we get a homeomorphism as we
wanted.
It only remains to show that f4 extends to a homeomorphism betweenM andN0.
To show this, it suffices to show that for each component V of V [kn], its meridian is
sent to a meridian of a component of T [ku]. If V is contained in some brick B, then
this follows from Claim 4.10. Since we isotoped the original brick decomposition to
a new one by moving each joint F to Fˇ , we see that every component of V [ku] is
contained in some brick.
This completes the proof of Proposition 4.8. 
Having proved that M [ku] and N [ku] are homeomorphic, we shall next show
that the Lipschitz map f3 can be homotoped so as to embed the joints preserving
the Lipschitzity. For that, it is more convenient to consider a brick decomposition
of M [ku] rather than that of M . As in §3.4, we define a brick of M [ku] to be
a maximal union of vertically parallel horizontal leaves which are inherited from
the horizontal foliation of M . By the same argument as in §3.4, we can check
the conditions A-(1)-(5) are satisfied. (In reality, only A-(2) and A-(3) need to be
checked.) We denote this brick decomposition of M [ku] by K[ku].
Before that, we shall first move f3 so that it preserves the order of joints on the
boundary except for parallel ones. Let F be the union of joints of pairs of bricks in
K[ku]. We introduce an equivalence relation ∼ in the set of components of F such
that F1 ∼ F2 if they are parallel. By our definition of brick decomposition, there
are not three distinct joints in F which are all parallel. Therefore each equivalence
class consists of at most two joints. We define the reduced union of joints to be the
union of joints taken one from each equivalence class, and denote it by Fˆ .
Lemma 4.12. There is a uniform constant K ′3 as follows. We can homotope f3
to a proper, degree-1 map f ′3 : M [ku]→ N [ku] with the following properties.
(i) f ′3 coincides with f3 outside small pairwise disjoint neighbourhoods of ∂M [ku].
(ii) f ′3 is K
′
3-Lipschitz.
(iii) On each component T of ∂M [ku], distinct components of F ∩ T have disjoint
images under f ′3.
(iv) On each component T of ∂M [ku], the restriction f
′
3|T maps the components
of Fˆ ∩ T disjointly preserving the orientation of Fˆ ∩ T and the order of {F ∩
T | F is a component of Fˆ}. (When T is a torus the order means the cyclic
order.)
(v) For a component F of F \ Fˆ, let Fˆ be the other component of F equivalent to
F and contained in Fˆ . Then f ′3 also preserves the order of ((Fˆ \ Fˆ ) ∪F ) ∩ T
for any component F of F \ Fˆ .
(vi) The order of F ∩ T and Fˆ ∩ T may be reversed only when f ′3(F )∩ f
′
3(Fˆ ) = ∅.
(vii) For each small δ > 0, there is an universal number n0 such that for any
component F of F , there are at most n0 joints Fi such that f ′3(Fi ∩ T ) are
within the distance δ from f ′3(F ∩ T ).
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Proof. Let T be a component of ∂M [ku], which is either a torus or an open annulus.
As was shown before, T consists of horizontal annuli and vertical annuli, and the
joints can intersect only vertical annuli. We shall show that we can homotope f3|T
to a uniformly Lipschitz map by a homotopy moving each point at a uniformly
bounded distance. We should note that f3|T is a degree-1 map to a boundary
component T ′ of N [ku]. The foliation of M by horizontal leaves induces a foliation
on T whose leaves are parallel horizontal circles. By our definition of the model
metric, each leaf has length ε1. We can extend this foliation also to horizontal
annuli so that they are also foliated by parallel circles with length ε1. We let γ be a
simple closed geodesic with respect to the induced metric intersecting each leaf at
one point when T is a torus, and a geodesic ray intersecting each leaf at one point
when T is an open annulus.
Since f3 is K3-Lipschitz, the homotopy classes in T
′ of the images of the leaves
have (Euclidean) geodesic lengths bounded by K3ε1. We also note the their lengths
are also bounded below by ε1 since T
′ lies on the boundary of an ε1-Margulis tube.
We first homotope f3|A to f¯3 fixing f3|γ so that for each leaf l of the foliation on
A, the simple closed curve f¯3(l) is a closed geodesic with respect to the Euclidean
metric on T ′. If there are distinct components of F∩T which have the same images,
we can perturb them to be disjoint moving them within a very small distance. We
can take a homotopy H3 : A × [0, 1] → T ′ from f3 to f¯3 as a K¯3-Lipschitz map,
where K¯3 depends only on ε1 and K, since the length of each closed curve f3(l) is
between ε1 and Kε1 and the perturbation moves the images at uniformly bounded
distances.
Now, the map from γ to f3(γ) = f¯3(γ) may not proceed in the positive direction
monotonously. (As we shall see below, since f3|T has degree 1, the orientations of
T and T ′ determine the positive direction to which f¯3(γ) should proceed.) This
may cause a permutation of the order of Fˆ ∩ T by f¯3. We fix an orientation of
the foliation on T , which, together with the orientation of T , induces a transverse
orientation of the leaves and an orientation of γ. This also defines a transverse
orientation of the foliation on T ′ induced by the closed geodesics which are images
of the leaves on T , since f ′3|T has degree 1. We number the simple closed curves
constituting Fˆ ∩ T as F1, F2, . . . in accordance with the order determined by the
orientation of γ. In the case when T is a torus, we fix a leaf on the lower horizontal
annulus, and let its intersection with γ, which we denote by a0, be the starting
point. The transverse orientation of the foliation on T ′ gives an order on the
images f¯3(F1 ∩ T ), . . . , which may be different from the order on T . (We allow
some of them go beyond f¯3(a0) in the negative direction. As long as f¯3(γ) moves
in the negative direction, we regard it as receding with respect to the order on
T ′.) Let σ be a permutation such that f¯3(Fσ(1)), . . . is the right order on T
′, in
other words Fi is mapped to the σ
−1(i)-th curve with respect to the order on T ′.
Now, we first look at f¯3(F1 ∩ T ) which is the σ−1(1)-th curve on T ′, and consider
the curves f¯3(Fσ(1) ∩ T ), . . . , f¯3(Fσ(σ−1(1)−1) ∩ T ) which are those situated before
f¯3(F1 ∩ T ) on T ′. Set j = max{σ(1), . . . , σ(σ−1(1) − 1)}. We shall consider to
move f¯3(F1 ∩ T ), . . . , f¯3(Fj ∩ T ) to correct their order. The point in the following
argument is that this can be done by a homotopy with bounded displacement.
Using the theory of Freedman-Hass-Scott [FHS], we shall bound uniformly the
distance between any two of f¯3(F1 ∩ T ), . . . , f¯3(Fj ∩ T ). Let k be a number among
2, . . . , j. First consider the case when f¯3(Fk ∩ T ) comes before f¯3(F1 ∩ T ) on T ′.
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Recall that f3 is homotopic in M [ku] to a homeomorphism f4 : M [ku] → N [ku].
By the same procedure as we used to construct f¯3 from f3, we can assume that f4
also maps each leaf on T to a closed geodesic with respect to the induced Euclidean
metric on T ′. Then, since both F1 and Fk are incompressible, by the theory of
Freedman-Hass-Scott, we can homotope f¯3|F1 and f¯3|Fk fixing the boundaries to
embeddings g13 and g
k
3 inN [ku] which are contained in small regular neighbourhoods
of f¯3(F1) and f¯3(Fk) respectively. By perturbing g
1
3 and g
k
3 , we can assume that they
are transverse to f4(F1) and f4(Fk) at their interiors. Then (g
1
3(F1) ∪ f4(F1)) ∩ T
′
bounds an annulus A′1 which may degenerate to a circle. When T is a torus,
there are two choices for A′1. We choose one which bounds a compact region with
g13(F1) and f4(F1) (possibly together with other components of ∂N [ku]) which is
disjoint from the components which f4(F1) does not touch. Similarly, we define an
annulus A′k for g
k
3 (Fk) and f4(Fk). Since g
1
3(F1∩T ) comes after g
k
3 (Fk∩T ) whereas
f4(F1 ∩ T ) is situated before f4(Fk ∩ T ), we see that A′1 and A
′
k must intersect.
Since f4(F1) ∩ f4(Fk) = ∅, both F1 and Fk are connected, and F1 and Fk are not
parallel by our definition of Fˆ , we see that g13(F1) and g
k
3 (Fk) must intersect at their
interiors. By our construction of g13 and g
k
3 , this implies that f¯3(F1) and f¯3(Fk) also
intersect at their interiors. Next suppose that f¯3(Fk ∩ T ) comes after f¯3(F1 ∩ T ).
By our definition of j, we see that f¯3(Fj ∩ T ) comes before f¯3(F1 ∩ T ), hence also
before f¯3(Fk ∩ T ). Since k < j, the order of Fj ∩ T and Fk ∩ T is reversed under
f¯3, and we can argue in the same way as above to conclude that f¯3(Fj) and f¯3(Fk)
intersect at their interiors.
Recall that the diameters of the joints F1, . . . are uniformly bounded from above
by a constant depending only on ξ(S). Since f¯3 is uniformly Lipschitz, their images
f¯3(F1), . . . also have diameters bounded from above by a constant λ depending only
on ξ(S). This implies that for any k = 2, . . . , j, the distance between f¯3(Fk ∩ T )
and either f¯3(F1 ∩ T ) or f¯3(Fj ∩ T ) is bounded by 2λ. Therefore the distance
between any two of f¯3(F1 ∩ T ), . . . , f¯3(Fj ∩ T ) is bounded by 4λ. Recall that
f¯3(F1 ∩ T ), . . . , f¯3(Fp ∩ T ) are parallel closed geodesics on T
′ with respect to the
induced Euclidean metric. By the uniform quasi-convexity of horoballs, we see that
there is a number λ0 depending only on χ(S) which bounds the distance between
any two of f¯3(F1 ∩ T ), . . . , f¯3(Fj ∩ T ) with respect to the Euclidean metric on T ′.
Then we can homotope f¯3|T so that f¯3(F1∩T ), . . . , f¯3(Fj ∩T ) lie in the right order
on T ′ and near the original position of f¯3(Fσ(1) ∩ T ) so that all f¯3(Fi ∩ T ) with
i > j come after them, without changing the condition that every leaf is mapped
to a closed geodesic preserved, by moving the image by f¯3 of thin neighbourhoods
of F1 ∩ T, . . . , Fj ∩ T only at the distance at most λ0 + 1. The map which we get
after this homotopy is also uniformly Lipschitz since the displacement of the points
by the homotopy is uniformly bounded.
We now forget F1, . . . , Fj and only consider Fj+1, . . . . If σ(j+1) = j+1, we also
forget Fj+1 and proceed to the first j0 > j with σ(j0) 6= j0. Otherwise we let j0 be
j+1. Regarding f¯3(Fj0∩T ) instead of f¯3(F1∩T ) as the first one, we repeat the same
argument. Then we can correct the order of f¯3(Fj0 ∩ T ), . . . , f¯3(Fj1 ∩ T ) for some
j1 > j0 and make them come after f¯3(Fj0−1) by moving f¯3 in thin neighbourhoods
of Fj0 ∩T, . . . , Fj1 ∩T only at the distance less than λ0+1. We note that we do not
touch the components Fk∩T with k < j0 at this stage. We repeat the same process,
and eventually we can homotope f¯3|T to a uniformly Lipschitz map fT3 : T → T
′
which preserves the order of F1 ∩ T, . . . by a homotopy moving every point within
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the distance λ0+1. (To be more precise, we need to define the homotopy inductively
in the case when there are infinitely many components of F ∩ T .)
Having moved f¯3|T to fT3 which preserves the order of Fˆ ∩ T , we now turn to
consider a component F of F \ Fˆ . Suppose that fT3 does not preserve the order
of Fˆ ∩ T with Fˆ replaced with F . Then for each component F ′ of Fˆ \ Fˆ such
that the order between F and F ′ is reversed by fT3 , we see that F must intersect
F ′ by the same argument as above, and we can move f¯3 in a thin neighbourhood
of F ∩ T within the distance λ0 + 1 to correct the order. Moreover, in the same
way as above, we can correct the order of the images F ∩ T and Fˆ ∩ T under fT3
by moving fT3 within the distance λ0 + 1 if f¯3(F ) and f¯3(Fˆ ) intersect. We note
that during this homotopy, each component of F is moved at most twice; hence
the displacement is bounded independently of the number of the components of F .
Thus we have shown that if we construct a uniform Lipschitz map whose restriction
to T is fT3 , then the conditions (iii), (iv) and (v) in the statement are satisfied. We
denote a homotopy on T by H ′3. This homotopy H
′
3 is uniformly Lipschitz since
the homotopy only passes through uniformly Lipschitz maps and its displacement
function is uniformly bounded.
We shall next show that thus homotoped fT3 satisfies the condition (iv) (with
f ′3 in the statement replaced by f
T
3 ). Fix some component F of F and we shall
bound the number of components F ′ such that fT3 (F ∩T ) and f
T
3 (F
′∩T ) are within
the distance δ. By our construction of brick decomposition of M [ku], there are at
most two joints whose boundary lie on exactly the same boundary components of
M [ku]. Therefore, for any natural number ν there exists n such that if there are n
distinct joints, then there are at least ν boundary components ofM [ku] which these
joints intersect. As was shown above, the diameter of the image of each component
of F under f¯3 is bounded by λ. Now, since there is a bound for the number of
components of ∂N [ku] which can be reached from F within the distance δ + 2λ,
we get n0 bounding the number of components of F ∩ T whose images by f¯3 are
within the distance δ from f¯3(F ∩ T ).
We shall finally show that fT3 as defined above can be extended to a uniform
Lipschitz map f ′3. We can take r > 0 depending only on ε1 and χ(S) such that the
boundary components ofM [ku] have product r-neighbourhoods inM [ku] which are
pairwise disjoint. Let Nr(T ) denote the r-neighbourhood in M [ku] of a boundary
component T of M [ku], and we parametrise Nr(T ) by T × [0, r] so that T × {t}
is at the distance t from T . We modify f3 only inside ∪Nr(T ) to get f ′3. We first
define f ′3|T × [2r/3, r] to be rescaled f3|Nr(T ) so that f
′
3|∂V × {2r/3} is naturally
identified with f3|T . Next we define f ′3|T × [r/3, 2r/3] to realise the homotopy H3
so that f ′3|T × {t} corresponds to H3( , 2− 3t/r). Finally we define f
′
3|T × [0, r/3]
to realise the homotopy H ′3, so that f
′
3|T ×{t} corresponds to H
′
3( , 1−3t/r). Since
H3 and H
′
3 are uniformly Lipschitz, we see that there is a uniform constant K
′
3
such that f ′3 is K
′
3-Lipschitz. 
Lemma 4.13. There exists a constant K ′ depending only on ξ(S) as follows. Let
F be the union of the joints of pairs of bricks in K[ku] as defined above. Then,
there exists a K ′-Lipschitz homotopy H : F × [0, 1]→ N [ku] fixing the boundary of
F as follows.
(i) H |F × {0} coincides with f ′3|F .
(ii) H(x, t) = f ′3(x) for every x ∈ ∂M [ku] ∩ F .
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(iii) H |F × [1/2, 1] is a C2-embedding.
(iv) For each component F of F , the restriction H |F × [1/2, 1] is K ′-bi-Lipschitz.
Proof. Let F be a component of F . Since the geodesic lengths of core curves in
V [0]\V [ku] are bounded below by ǫu by the condition (5) in §4.1, and F \V consists of
thrice-punctured spheres, the modulus of F is uniformly bounded. By the condition
(7) in §4.1 and our choice of ku, we see that there is no essential closed curve with
length less than ǫu in N [ku]. This shows that the map f
′
3|F is a uniformly bi-
Lipschitz map to its image. (We should note that f ′3|F may not be injective. The
bi-Lipschitzity here means that the metric on F induced from M [ku] and the one
induced from N [ku] by f
′
3 are bi-Lipschitz equivalent.) We can approximate f
′
3|F
by an immersion fixing the boundary and preserving the uniform bi-Lipschitzity.
Now, by Proposition 4.8, f ′3|F is properly homotopic to an embedding in N [ku]
(without fixing the boundary).
We shall first show that each component F of F can be homotoped fixing the
boundary to a uniformly bi-Lipschitz embedding. Suppose, seeking a contradiction,
that this is not the case. Then there exist sequences of labelled brick manifoldsM i,
homeomorphisms f i :M i → N i, Lipschitz maps f i3 :M
i[ku]→ N
i[ku] correspond-
ing to f ′3 constructed above, and joints F
i in M i[ku] such that an embedding g
i
3 as
above within the δ-neighbourhood of f i3(F
i) cannot be made Ki-bi-Lipschitz, with
Ki → ∞. We put the superscript i for all the symbols related to M i and N i. By
taking a subsequence we can assume that all the Fˆ i are homeomorphic to some fixed
surface F . As was shown before, by our definition of the model metric, the moduli
of the F i are bounded. Therefore, we can choose a homeomorphism κi : F → F i
so that the pullback of the metric on F i by κi converges as i → ∞. Take a base-
point x on F , and consider geometric limits of (Fi, κi(x)), (M
i[ku], κi(x)), and
(N i[ku], f
i
3 ◦κi(x)). Since f
i
3 is uniformly Lipschitz, it converges to a Lipschitz map
f∞3 : M
∞[ku] → N∞[ku], where M∞[ku] and N∞[ku] are the geometric limits of
(M i[ku], κi(x)) and (N
i[ku], f3 ◦κi(x)) respectively. Since the metrics induced from
the F i on F are bounded, the homeomorphism ki converges to a homeomorphism
κ∞ : F → F∞, where F∞ is embedded in M∞[ku].
As before, we can assume that both f i3 ◦ κi and f
∞
3 ◦ κ∞ are immersions. By a
result of Freedman-Hass-Scott as was used in the proof of Proposition 4.8, f i3 ◦ κi
is homotopic to an embedding relative to the boundary by a homotopy passing
through only relatively compact components of N i[ku] \ f i3 ◦ κi(F ). Since N [ku]
contains no Margulis tubes whose core curves have lengths less than ǫu, these
components have uniformly bounded diameters and converge geometrically to rel-
atively compact components of N∞[ku] \ f
∞
3 ◦ κ∞(F ) through which f
∞
3 ◦ κ∞ can
be homotoped to an embedding (after a perturbation if necessary). Therefore, the
geometric limit f∞3 ◦κ∞ can be homotoped to a bi-Lipschitz embedding in N
∞[ku].
By pulling back this embedding and a homotopy, we can homotope f i3 ◦ κi to a
uniformly bi-Lipschitz embedding, contradicting our assumption. Thus we have
shown that f ′3|F can be homotoped to a uniformly bi-Lipschitz embedding, which
we shall let be H( , 3/4). The above argument also shows that we can choose a
homotopy H between H( , 3/4) to H( , 0) = f ′3|F to be uniformly Lipschitz.
Since f ′3 preserves the order of Fˆ ∩ T as was shown in Lemma 4.12-(iii), f
′
3 is
homotopic to a homeomorphism from M [ku] to N [ku] fixing Fˆ ∩ T . Therefore the
least area surfaces homotopic to the restrictions of f ′3 to the components of Fˆ fixing
the boundary must be pairwise disjoint. The same holds even if we put F of F \ Fˆ
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into Fˆ removing its counterpart Fˆ instead. Therefore, to show the disjointness of
the least-area images of the components of F , it suffices to show that the least
area surfaces homotopic to f ′3(F ) and f
′
3(Fˆ ) are disjoint for each component F of
F \ Fˆ . This follows immediately from Freedman-Hass-Scott when f ′3(F ) and f
′
3(Fˆ )
are already disjoint. If f ′3(F ) and f
′
3(Fˆ ) intersect, then the condition (vi) of Lemma
4.12 implies that the order of F ∩ T and Fˆ ∩ T is preserved under f ′3|T . Therefore,
by considering Fˆ ∪ F instead of Fˆ , we see that the least area surfaces are disjoint.
It remains to show that we can take disjoint regular neighbourhoods of the
components. (Since the restriction ofH( , 3/4) to each component of F is uniformly
bi-Lipschitz, the uniform bi-Lipschitzity on F × [1/2, 1] follows immediately once
we prove that we can take regular neighbourhoods to be disjoint. Combined with
the fact shown above that a homotopy between f ′3 and H( , 3/4) can be made
uniformly Lipschitz, the uniform Lipschitzity of H also follows.) Recall that by
Lemma 4.12-(vii), we can assume that there is a uniform positive lower bound for
the distances between the images of distinct boundary components of F under f ′3,
hence also under H( , 3/4). To get disjoint regular neighbourhoods, what we need
is a lower bound for the distances between the images of distinct components of F
under H( , 3/4), not only for their boundaries but for the entire surfaces. Suppose
that such a lower bound does not exist. Then by taking a geometric limit, we
get two minimal surfaces which are tangent to each other at their interiors. This
contradicts the maximal principle of minimal surfaces. Thus, we have shown that
there is a lower bound, and that we can take disjoint regular neighbourhoods. 
4.4. Topological ordering of joints. Next we shall show thus obtained embed-
ding H( , 1) : F → N [ku] preserves the topological order of joints.
Lemma 4.14. Let F1 and F2 be joints in F such that ιM (F1) and ιM (F2) are not
homotopic in S × (0, 1). If F1 ≺top F2, then H(F1, 1) ≺top H(F2, 1).
Proof. Suppose that F1 ≺top F2 whereas ιM (F1) is not homotopic to ιM (F2). Let
c be a boundary component of F2 which overlaps F1 if there are any. There is
a component T of ∂M [ku] on which c lies. Then, Lemma 3.3 in Brock-Canary-
Minsky [BCM] implies that F1 ≺top c. Recall from Proposition 4.8 that f4 extends
to a homeomorphism fˆ4 : M → N0 properly homotopic to f . Since F1 ≺top c,
the surface ιM (F1) can be homotoped to S × {0} without touching ιM (c). Since
ιM = ιN ◦ f , we see that ιN ◦ f(F1) can be homotoped to S×{1} without touching
ιN ◦f(c), which implies ιN ◦f(F1) ≺top ιN ◦f(c) by Lemma 3.18 in [BCM]. Because
f is properly homotopic to fˆ4, we also have f4(F1) ≺top f4(c). Since c lies on a
component T of ∂M [ku], the homeomorphism f4 is homotopic to f
′
3 in N [ku], and
H is a proper homotopy in N [ku], this topological order is preserved by H( , 1), and
we have H(F1, 1) ≺top H(c, 1). By the same argument by changing the direction
of order, we see that for any boundary component c′ of F1 that overlaps F2, we
have H(c′, 1) ≺top H(F2, 1). Since F1 and F2 are assumed not to be homotopic, by
Lemma 3.17 in [BCM], this implies that H(F1, 1) ≺top H(F2, 1). 
We next consider the case when two joints F1 and F2 are properly homotopic.
Lemma 4.15. Suppose that F1 and F2 are joints in F such that ιM (F1) is homo-
topic to ιM (F2). We further assume that F1 ∪F2 does not bound a brick in M [ku].
If F1 ≺top F2, then we have H(F1, 1) ≺top H(F2, 1).
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Proof. Since ιM (F1) is homotopic to ιM (F1), for each component c of ∂F1, there is
a unique component of c′ of ∂F2 such that ιM (c) ≃ ιM (c′) in S × (0, 1). Suppose
first that c and c′ are homotopic in M [ku] for all components c of ∂F1. Then c and
c′ lie on the same boundary component of ∂M [ku] by the condition A-(2) in §3.2
and the definition of V [ku]. Since this holds for every boundary component of F1,
we see that F1 ∪ F2 bounds a submanifold W in M [ku]. If W is homeomorphic to
F1 × [0, 1], then by our definition of the brick decomposition of M [ku], we see that
W consists of only one brick. This contradicts our assumption that F1 ∪ F2 does
not bound a brick.
Therefore, F1∪F2 bounds a submanifoldW inM [ku], which is not homeomorphic
to F1 × [0, 1]. Then there is a component T of ∂M [ku] which is contained in W .
We take a horizontal curve c contained in T . Then c overlaps both F1 and F2 and
F1 ≺top c ≺top F2. This implies that f4(F1) ≺top f4(c) ≺top f4(F2). Since ιN ◦ fˆ4
is homotopic to ιM , we see that ιN ◦ f4(F1) is homotopic to ιN ◦ f4(F2), and the
boundary of ιN ◦ (F1), which lies on V [ku], is unknotted and unlinked. Therefore,
applying Lemma 3.16 in [BCM], we have f4(F1) ≺top f4(F2), which implies that
H(F1, 1) ≺top H(F2, 1) as before. Thus it only remains to consider the case when
there is a component c of ∂F1 which is not homotopic to c
′ in M [ku].
Since ιM (c) and ιM (c
′) are homotopic, and ιM (c) and ιM (c
′) are horizontal,
there is an embedded annulus A bounded by ι(c) ∪ ι(c′) in S × (0, 1). Since c and
c′ are not homotopic, it follows that there is a boundary component T of M [ku]
such that ιM (T ) intersects A essentially. Take a longitude or a core curve c
′′ of
T . Then we have F1 ≺top c′′ ≺top F2. Now since f4 is a homeomorphism from
M to N0, we see that f4(F1) ≺top f4(c′′) ≺top f4(F2), and as before, we have
H(F1, 1) ≺top H(c
′′, 1) ≺top H(F2, 1). Since ιN ◦ H(F1, 1) and ιN ◦ H(F2, 1) are
homotopic, Lemma 3.16 in [BCM] again implies that H(F1, 1) ≺top H(F2, 1). Thus
we have completed the proof. 
The remaining case is when F1 and F2 are homotopic in M [ku] and cobound a
brick in M [ku]. Let B be a brick bounded by F1 ∪ F2, and h(B) the hierarchy on
B which we obtain by applying Lemma 4.4 to M [ku]. We say that a tight geodesic
g ∈ h(B) is deep-seated if there is a component of FrD(g) whose corresponding tube
in V is disjoint from either ∂+B or ∂−B. In the case when D(g) is an annulus, we
regard a core curve of D(g) as a component of FrD(g).
We shall first show that h(B) cannot have a long deep-seated geodesic.
Lemma 4.16. There exists a constant A depending only on ξ(S) as follows. Let
B be a brick in M [ku]int. Then every deep-seated geodesic in h(B) has length less
than A.
Proof. By Theorem 9.1 in [Mi2], we can take a constant A such that if g ∈ h(B)
has length at least A, then for every component c of FrD(g), either c lies on ∂M
or a boundary component ∂V for V ∈ V such that |ωM (V )| > ku. (Since we are
considering geodesics in h(B) whose geodesics consist of simplices on the curve
complex of C(∂−B), we can apply Minsky’s result on Kleinian surface groups.)
Therefore every component of FrD(g) lies on ∂M [ku] in this situation. If g is deep-
seated, then some component c of FrD(g) must lie on ∂V which is disjoint either
from ∂+B or ∂−B. Thus we see that if h(B) has deep-seated geodesic with length
at least A, then there is a component of ∂M [ku] which intersects B but not at least
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one of ∂−B and ∂+B. This contradicts the assumption that ∂−B and ∂+B are
homotopic and bound B in M [ku]. 
Suppose that all the deep-seated geodesics in h(B) have length less than A. We
further divide our argument into two cases: the first is when the number of blocks
constituting B is large and the other is when it is small. It will turn out later that
we do not need to show that the topological order is preserved in the latter case
for the proof of Theorem 4.1.
Lemma 4.17. Fix a constant A as in Lemma 4.16. There exists a constant
C depending only on ξ(S) (and A) as follows. If |h(B)| > C, then we have
H(∂−B, 1) ≺top H(∂+B, 1). (Recall that |h(B)| denotes the sum of the lengths
of all geodesics constituting h(B).)
Proof. We can take a constant C so that if |h(B)| > C, then there must be a
geodesic g in h(B) whose length is greater than A. By Lemma 4.16, then g cannot be
deep-seated. If g is not deep-seated, then since every frontier component ofD(g) lies
in ∂M [ku], the only possibility is g is the main geodesic of h(B). Then we can apply
Theorem 7.1 in [BCM] to our hierarchy h(B). The same argument as in the case 1b
of the proof of Lemma 8.4 in [BCM] implies that H(∂−B, 1) ≺top H(∂+B, 1). 
For the remaining case, we make the following definition. We say that a brick B
in M [ku]int is short in the remaining case: i.e. if |h(B)| ≤ C.
4.5. Deformation to a bi-Lipschitz map. Having obtained the results in the
previous subsection, we are now in a position to show that we can further homotope
H( , 1) to make it bi-Lipschitz on the region between joints, applying arguments of
§§8.2-8.4 in Brock-Canary-Minsky [BCM].
For a brick B of M [ku]int which is not short, we shall construct a cut system,
following §4 and §8.2 in Brock-Canary-Minsky [BCM]. Our cut system CB is a set
of slices of h(B) having the following properties with a constant d1 > 5 which will
be specified later.
(1) For a geodesic g ∈ h(B), let CB |g denote the subset of CB consisting of
slices with bottom geodesic g. Then, for any geodesic g ∈ h(B), the bottom
simplices {vτ | τ ∈ CB|g} cut g into intervals whose lengths are between d1
and 3d1.
(2) Two distinct slices in CB |g cannot have the same bottom simplex.
(3) For each τ ∈ CB and any (k, v) in τ other than the bottom one, v is the
first vertex of k.
(4) For non-annular g, any slice in CB |g is a non-annular saturated slice.
(5) For annular g, there is at most one slice in CB |g.
We take a constant d1 so that for any geodesic g in the hierarchy h(B), if g has
length at least d1, the geodesic length of each component of f3(∂D(g)) in N is less
than ǫu. (Such d1 exists by Lemma 4.3.) Furthermore, we consider the constant
C which appeared in Lemma 4.17 depending only on S. We can take d1 which is
greater than C.
For each slice τ in CB , we define extended split level surfaces as below following
[BCM]. Suppose that the bottom pair (gτ , vτ ) of τ is not supported in an annulus.
Since τ is a non-annular saturated slice and h(B) is 4-complete, base(τ) defines
a pants decomposition of D(gτ ). For each pair of pants Y constituting the pants
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decomposition, there is horizontal boundary of two adjacent blocks a` la Minsky in
the form of Y × {t} with respect to the parametrisation of S × (0, 1), along which
the two are glued. (This lies at the middle of a block of the form Σ0,3 × J in our
block decomposition in §3.) This horizontal surface is denoted by FY . We consider
the union Fτ = ∪FY for all Y constituting the pants decomposition, and call it the
split level surface corresponding to τ . For a cut system CB as above, the split level
surface Fτ for τ ∈ CB is called a cut in B. Let FB be the union of Fτ for all τ ∈ CB
and Fb the union of FB for all bricks B ∈ K[ku]int. Let V be a component of V on
which a boundary component of Fτ lies. By the condition (1) of the definitions of
CB and d1, we see that ω(V ) > ku, hence V ∈ V [ku]. Therefore, by adding Fb to
the joints of M [ku], we get a subdivision of M [ku] into smaller bricks, which may
have inessential joints. We denote this refined brick manifold by M ′[ku]. (Note
M [ku] and M
′[ku] are the same as manifolds, only their brick structures differ.)
We shall show that H( , 1) can be homotoped so that each Fτ for τ ∈ CB is a
uniform bi-Lipschitz embedding.
Lemma 4.18. There exists a constant K ′′ depending only on ξ(S) as follows.
There exists a K ′′-Lipschitz homotopy H ′ : (Fb ∪ F)× [0, 1]→ N [ku], such that
(i) H ′|(Fb ∪ F)× {0} coincides with H(Fb ∪ F , 1).
(ii) H ′|(Fb ∪ F)× [1/2, 1] is a K ′′-bi-Lipschitz C2-embedding.
Proof. Our argument is similar to the proof of Lemma 4.13. Let T be a component
of ∂M [ku] intersecting B and T
′ its image in N [ku] under f4. We first need to show
that the H( , 1) can be moved to a uniformly Lipschitz map which preserves the
order of T ∩ (Fb ∪ F) except for the fronts of short bricks by a homotopy whose
displacement function is bounded from above by a uniform constant. Our situation
is a little different from that of Lemma 4.12 since among our surfaces in Fb ∪ F ,
there might be more than two components which are all homotopic to each other.
Still, we can argue as in the proof of (vi) in Lemma 4.12, and see that the order
of components F, F ′ of Fb ∪ F can be reversed only when they are homotopic in
M [ku] and H(F, 1) ∩ H(F ′, 1) = ∅. Now, by applying Lemma 4.17 to our refined
brick manifold M ′[ku], we see that the order between F ∩T and F ′∩T is preserved
by H( , 1) unless F ∪ F ′ bounds a short brick B in M ′[ku], which must be also a
short brick of M [ku] since we did not introduce new short bricks in our subdivision
of bricks. Thus we have shown that H( , 1) can be homotoped with uniformly
bounded displacement of points so that the order of (Fb ∪ F) ∩ T is preserved for
any component T of ∂M [ku] except for the order between the two fronts of the
same short bricks. Let f ′′3 be thus obtained uniform Lipschitz map from M
′[ku] to
N [ku].
Next we shall show that the same property as (vii) in Lemma 4.12 holds for Fb
and f ′′3 ; that is, for any δ, there is a number n0 bounding the number of components
of f ′′3 (Fb∩T ) which are within distance δ from f
′′
3 (F∩T ) for any component F of Fb.
Let F1, . . . , Fn be distinct components of Fb such that f ′′3 (F1 ∩ T ), . . . , f
′′
3 (Fn ∩ T )
are within the distance δ from f ′′3 (F ∩ T ). Then H(F1, 1), . . . , H(Fn, 1) are within
distance 3λ0 + δ from H(F, 1), where λ0 is the constant which we defined in the
proof of Lemma 4.12. Recall that for each slice τ of CB , each component of Fτ \ V
is a thrice-punctured sphere. By Lemma 4.5, for distinct slices Fτ1 , . . . , Fτn , there
are at least ν non-homotopic tubes in V which at least one of Fτ1 , . . . , Fτn intersects
with ν going to ∞ as n → ∞. By Lemma 4.2, each tube has a core curve with
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length less than L. Since H( , 1) is uniformly Lipschitz, the lengths of the images
of the core curves are universally bounded. Suppose that there is not a universal
bound for n. By the usual argument using a geometric limit of model maps for
which there are at least i slices as above, we are lead to a contradiction to the
fact that for a hyperbolic 3-manifold, a constant R and a base point x, there are
only finitely many homotopy classes which are represented by a closed curve of
length less than L contained in the R-ball centred at x. Thus we have shown that
f ′′3 |FB has the same property as (vii) in Lemma 4.12. Combining this with Lemma
4.12, we see that for any δ, there exists n0 bounding the number of components of
f ′′3 ((Fb ∪F) ∩ T ) within the distance δ from f
′′
3 (F ∩ T ) for any component of F of
Fb ∪ F .
By the same argument as Lemma 4.13, we see that H( , 1) can be homotoped to a
uniform Lipschitz map which embeds Fb∪F in such a way two distinct components
have disjoint δ-regular neighbourhoods. 
By this homotopy H ′, we can homotope f ′3 to f5 which is a uniform bi-Lipschitz
map on each component of Fb ∪ F and embeds its regular neighbourhood. Recall
that f5 preserves the topological order of Fb∪F except for the fronts of short brick
by the results in §4.4 and Lemmata 4.16, 4.17. If B is short, then B consists of
less than C blocks, hence the diameter of B, which can be bounded by a linear
function of the number of blocks, is bounded a constant depending only on ξ(S).
Therefore, we can isotope f5(∂−B) into a regular neighbourhood of f5(∂+B) so that
f5(∂−B) ≺top f5(∂+B) preserving the condition on the bi-Lipschitzity. We should
note that short bricks of M ′[ku] come from those of M [ku] and that by Assumption
3.3, two short bricks cannot be adjacent to each other. Therefore, we can perform
this deformation for all short bricks so that f5(∂−B) and f5(∂+B) have regular
neighbourhoods with uniform width. Since the embedding of each cut by f5 has a
regular neighbourhood with uniform width, f5 is bi-Lipschitz not only on each cut
or joint but also with respect to the induced metric on the entire Fb ∪ F .
To complete the proof of Theorem 4.1, it remains to deform f5 in the complement
of Fb ∪ F in M [ku]int to make it bi-Lipschitz without changing the map on the
geometrically finite bricks. This can be done by the same argument as §8.4 in
[BCM] without any modification. Thus we have completed the proof of Theorem
4.1 by setting k to be ku.
5. Proofs of Theorems
5.1. Geometric limits of geometrically finite bricks. Let Gn be a Kleinian
surface group, and set Nn to be H3/Gn. Let gn :Mn → (Nn)0 be a model map con-
structed in [BCM] which induces a bi-Lipschitz homeomorphism gn[ku] :Mn[ku]→
Nn[ku]. Suppose that Mn has a geometrically finite brick Bn ∼= Fn × [0, 1) or
Fn × (0, 1]. We shall consider only the case when Bn ∼= Fn × [0, 1), for the other
case can be dealt with in the same way just by turning everything upside down.
Lemma 5.1. Let xn be a point in Bn in the above situation. Suppose that with
respect to the metric dBn on Bn defined in §3.5, we have dBn(Fn × {0}, xn)→∞.
Then the geometric limit of (a subsequence of) {(Mn, gn(xn))} is elementary: i.e.
isomorphic to H3/Γ for an elementary Kleinian group Γ.
Proof. Let C(Nn) be the convex core of Nn = H3/Gn. By the definition of the
model map, we see that dMn(C(Mn), gn(xn)) → ∞. Let Γ be a Kleinian group
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such that (H3/Γ, x∞) is the Gromov limit of {(Mn, gn(xn))} after passing to a
subsequence. Suppose, seeking a contradiction, that there are non-commuting el-
ements g, h in Γ. Then, there exist elements gn, hn in Gn such that lim gn = g
and limhn = h. Consider the action of Gn on H3. Then gn and hn act on H3
as loxodromic or parabolic transformations. Let ln be a geodesic in H3 which is a
common perpendicular of the axes of gn and hn if they are loxodromic, or a geo-
desic ray perpendicular to the axis of the loxodromic one to tending to the fixed
point at infinity of the parabolic one when only one of them is loxodromic, or a
geodesic connecting the fixed points at infinity of the two elements if both of them
are parabolic.
We claim that the function t(gn, hn)(x) = max{d(x, gn(x)), d(x, hn(x))} takes
minimum at a point cn on ln. This can be seen by considering sets Vgn(r) and
Vhn(r) consisting of points whose translation distances are less than or equal to r
under gn and hn respectively. The smallest r for which Vgn(r)∩Vhn(r) 6= ∅ realises
the minimum of t(gn, hn). (If Vgn(r) (resp. Vhn(r)) reaches the axis of hn (resp.
gn) while Vhn(r) (resp. Vgn(r)) is empty, we take such r as the smallest.) By
the convexity of these sets, we see that the intersection consists of one point cn,
and that it lies on ln. Since {gn} and {hn} converge, the smallest r is bounded
from above independently of n. Since the configurations of Vgn(r), Vhn(r) up to
isometries are compact, we see that |t(gn, hn)(y)−2d(y, cn)| is bounded from above
independently of n. (This follows from the fact that the displacement of a point can
be approximated by twice the distance from the point to the axis if the translation
length on the axis is bounded above.)
Obviously, ln is contained in the Nielsen convex hull of Gn. Take a lift x˜n of xn
which converges to a lift x˜∞ of x∞. Since dMn(C(Mn), gn(xn))→∞, the distance
of ln from a lift x˜n of xn in H3 goes to ∞ as n→∞; hence d(x˜n, cn)→∞. From
the above observation, this implies that t(gn, hn)(x˜n) → ∞. This contradicts the
facts that g = lim gn and h = limhn translate x˜∞ within a finite distance. 
We now consider geometric limits of geometrically finite bricks. Since we are only
interested in non-elementary geometric limits, by virtue of the previous lemma, we
have only to consider the case when the basepoint lies on the real front along which
the brick is pasted to other bricks. Let xm be a point in Bm lying on Fm × {0}.
Since each Fˆm = Fˆm×{0} has the cylinder-Σ0,3 metric τm, if {(Fˆm, xm)} converges
geometrically to (Fˆ∞, x∞) passing to a subsequence, then Fˆ∞ also has such a metric
τ∞. Moreover, since Bm is uniformly bi-Lipschitz to the brick Fˆm × [0,∞) with
metric e2rτm + dr
2 (r ∈ [0,∞)), {Bm} converges geometrically to a brick B∞
uniformly bi-Lipschitz to F∞ × [0,∞) with metric of the form e2rτ∞ + dr2 (r ∈
[0,∞)) passing to a subsequence. In particular, B∞ is also a brick homeomorphic
to F∞ × [0, 1).
5.2. Proofs of Theorem A and Corollary B.
Proof of Theorem A. Let {Gn} be a sequence of Kleinian surface groups which con-
verges geometrically to a non-elementary Kleinian group G. Since {Gn} converges
geometrically to G, fixing a basepoint in H3, and projecting it to H3/Gn and
H3/G as basepoints yn and y∞, we get a geometric convergence (H3/Gn, yn) →
(H3/G, y∞). By the original bi-Lipschitz model theorem [BCM], for each n ∈ N,
there exist a model manifold Mn and a model map gn : Mn → (Nn)0 inducing a
K-bi-Lipschitz homeomorphism gn : Mn[ku] → Nn[ku], where Nn = H3/Gn. We
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let xn be a point in Mn which is taken to yn by gn. The model manifold Mn con-
sists of Mn[0], which is decomposed into internal blocks and boundary blocks, and
Margulis tubes. Since we assumed that G is non-elementary, xn cannot go deeper
and deeper into Margulis tubes as n → ∞. Therefore, moving xn and yn within
uniformly bounded distance without changing G up to conjugacy, we can assume
that xn lies in Mn[0].
Since Gn is a Kleinian surface group, Mn is embedded in S0 × (0, 1) for a com-
pact core S0 of S so that the boundary of a cusp neighbourhood which does not
correspond to a boundary component of S0 is a properly embedded open annulus
both of whose ends go to the same end of S0 × (0, 1), either to the +-direction
or to the −-direction. We put Mn the structure of a brick manifold compatible
with the block decomposition as follows. We first consider a proper embedding
ηn : Mn → S × (0, 1) with the following properties, which is obtained by isotoping
blocks within S × (0, 1).
(1) The embedding ηn preserves the horizontal and the vertical leaves of each
block. (Here for a block with the form Σ × J , each Σ× {t} is a horizonal
leaf and {x} × J is a vertical leaf.)
(2) Each Margulis tube in Mn is mapped to A × [t1, t2] for some essential
annulus A on S and t1 < t2, and each torus boundary of Mn is mapped to
the boundary of A× [t1, t2].
(3) Each open annulus boundary component ofMn is mapped to the boundary
of either A× [t, 1) or A×(0, t] for an essential annulus A on S and t ∈ (0, 1).
(4) The geometrically finite ends of Mn are peripheral, i.e. lie on S × {0, 1}.
This is exactly the situation as in the construction of brick decomposition for M
(1)
int
in §3.4. Therefore, we can endow a brick decomposition with Mn by defining each
to be a maximal family of parallel leaves.
We now consider the geometric limit (M [0], x∞) of (Mn[0], xn), possibly passing
to a subsequence. Note that any internal block of Mn[0] is isometric to either
Σ(0,4) × [0, 1] or Σ(1,1) × [0, 1], or Σ(0,3) × [0, 1], each with a standard metric. (We
can consider a block decomposition in our sense or Minsky’s. Either will do.)
Therefore a geometric limit of internal blocks can also regarded as blocks. On the
other hand, as was seen in Subsection 5.1, any sequence of geometrically finite bricks
in Mn[0] converges geometrically to a geometrically finite brick in after taking a
subsequence if we put a basepoint on the real front. Since G is non-elementary,
by Lemma 5.1, if the xn lie in geometrically finite bricks, we can assume that they
lie on the real fronts of the bricks. These imply that the geometric limit M [0]
consists of geometrically finite bricks and the remaining part which is decomposed
into blocks. (Here we are not considering the brick decomposition of M [0] yet.)
We denote by M [0]int the part of M [0] consisting of the limits of internal bricks.
The complement of M [0]int in M [0] consists of geometrically finite bricks as was
seen above. As before, we denote by Vn the union of tubes in the tight tube unions
giving a block decomposition of M0n. (Recall that M
0
n is the complement of tubes
in Vn intersecting Mn along annuli and is naturally identified with Mn.) For any
k, we denote by Vn[k] the subset of Vn consisting of tubes V with |ωMn(V )| ≥ k.
Recall thatMn[k] = (Mn)
0 \Vn[k]. We denote by Tn[k] the union of Margulis tubes
which is the image of Vn[k] by gn.
Each torus component T of ∂M [0] is a geometric limit of torus components Tn of
∂Mn[0]. Since Tn converges geometrically, either {ωMn(Tn)} converges or goes to
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∞. If it converges, then Tn bounds a hyperbolic tube Vn converging geometrically
to a hyperbolic tube V bounded by T . We denote by V∞ the union of such tubes
V . The gluing map of Vn to Mn[0] converges to a gluing map of V to M [0]. We
define the union of Mn[0] and such tubes glued by the limit gluing maps to be
M . Then it follows immediately that the geometric convergence of (Mn[0], xn) to
(M [0], x∞) extends that of (Mn, xn) to (M,∞). We denote by M [k] the union
of M [0] and tubes in V∞ for which limn→∞ |ωMn(Tn)| ≤ k. The argument above
also implies in particular that gn with base point xn converges to a K-bi-Lipschitz
homeomorphism g :M [ku]→ N [ku]. Since we put the metric on Vn inherited from
a Margulis tube determined by ωMn(Vn), each gn is extended to a K-bi-Lipschitz
map in Vn. Therefore g is also extended to a K-bi-Lipschitz homeomorphism from
M to N0. We use the symbol Mint to denote the union of M [0]int and V∞.
If limn→∞ ωMn(Vn) =∞, then g(T ) is the boundary of a torus cusp neighbour-
hood of N not contained in N0. If we put a basepoint on ∂Vn, then the geometric
limit of Vn is also a Z×Z-cusp which is K-bi-Lipschitz to the cusp neighbourhood
bounded by g(T ) since ωMn(Vn) controls the modulus of the Margulis tube bounded
by gn(Tn). (See §8.5 in [BCM].) Note that by our definition of M , the limit cusp
neighbourhood is not contained in our model manifold M .
The properties (ii) that M is acylindrical and (i) that ∂M consists of tori and
annuli in the statement of Theorem A are derived from the same properties for
N0. We shall next show that M is a brick manifold. Recall that M [0]int admits a
decomposition into blocks. Let ρn : Brn(Mn, xn)→ BKnrn(M,x∞) be a (Kn, rn)-
approximate isometry associated to the geometric convergence of {(Mn, xn)} to
(M,x∞). We can arrange ρn so that for each block b of M [0]int, its pull-back
ρ−1n (b) is also a block with respect to the block decomposition of the brick manifold
Mn, and ρ
−1
n |b preserves the vertical and horizontal leaves of b. Recall that the
embedding ηn of Mn into S × (0, 1) preserves the vertical and the horizontal leaves
of blocks. Therefore, at each point ofM the (two-dimensional) horizontal directions
and the vertical direction are well defined. The horizontal directions inM constitute
a foliation whose leaves are incompressible in M and homeomorphic to essential
subsurface of S (including S itself) as we can see by considering their image under
ρ−1n for large n. We define a leaf of this foliation to be a horizontal leaf of M .
Horizontal leaves are transversely oriented, by defining the +-direction of the second
factor of S × (0, 1) to be the positive direction.
Now, we define a brick in M to be a closed submanifold which is the closure of
a maximal union of parallel horizontal leaves in M if it has non-empty interior. It
is evident that the bricks defined in this way are pairwise disjoint. We can further
show the following, which implies that M is a brick manifold.
Lemma 5.2. Every point in M is contained in a brick. The bricks are locally
finite.
Proof. Let x be a point in M , and F a horizontal leaf ofM on which x lies. We say
that a boundary component T of M touches F from above if T ∩ F 6= ∅ and if any
leaf near F and above F intersects T whereas any leaf below F is disjoint from T .
Similarly, we define touching from below. Every component of ∂M is either a torus
or an open annulus, and they can intersect a horizontal leaf along annuli. Since an
annulus component of ∂Mn has only one horizontal annulus, and torus component
has only two horizontal annulus situated at different horizontal levels. This property
is preserved by taking geometric limit, and hence if a component of ∂M intersects a
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horizontal leaf along annuli, the intersection consists of a single annulus. Moreover,
since M is acylindrical, there are no two annuli on ∂M ∩ F which are parallel on
F and are contained in distinct components of ∂M . Therefore, the number of the
components of F ∩∂M is uniformly bounded by a constant depending only on ξ(S).
Now, recall that the height (with respect to the metric determined by blocks) of
each component of ∂Mn is uniformly bounded from below by a positive constant ζ.
We take a positive number θ < ζ, and let F ′ be a horizontal leaf ofM above F at the
distance θ with respect to the metric determined by blocks. Then each component
of ∂M within distance θ from F which does not lie below F must intersect either
F or F ′. Therefore, the number of such components is bounded by a constant
depending only on ξ(S). The same holds for components of ∂M within distance θ
from F not lying above F .
Let h1 be the minimum of the heights above F (with respect to the metric on M
determined by blocks) of components of ∂M intersecting F but not touching from
below, which we allow to be ∞. Since there are finitely many components of ∂M
intersecting F as was shown above, we have h1 > 0. Next let h
′
1 be the minimal
distance from F to the components of ∂M lying above F , which is defined to be∞ if
there are no such components. By the observation in the previous paragraph, there
are only finitely many components of ∂M within a fixed distance from F , we have
h′1 > 0. We set h¯1 to be min{h1, h
′
1}. Then, if we move F in the vertical direction to
the positive side within the distance h¯1, then the surface F may lose the interior of
annuli which are intersection with components of ∂M touching from above, but the
intersection with ∂M does not change in other ways. Therefore all the horizontal
leaves above F within distance h¯1 are parallel to each other. It follows that if x lies
outside the intersection with components of ∂M touching F from above, then x is
contained in a brick which passes through F or is situated above F and touches F
at the boundary. Similarly by defining h2 and h
′
2 turning everything upside down
and setting h¯2 to be min{h2, h′2}, we see that all the horizontal surface below F
within distance h¯2 are parallel to each other. Also, if x lies outside the intersection
with components of ∂M touching F from below, then x is contained in a brick
which passes through F or is situated below F and touches F at the boundary.
Since no components of ∂M can touch F from both above and below, this shows
that x is always contained in a brick.
Furthermore, there are only finitely many bricks at distance less than min{h¯1, h¯2}
since F is contained in the (non-empty) union of finitely many bricks whose heights
are at least min{h¯1, h¯2} and one of which contains x. This shows the local finiteness
of the bricks. 
By our definition of bricks in M and that for Mn, for any brick B in M its pull-
back ρ−1n (B) is contained in one brick in Mn for large n. Now, we are in a position
to use Lemma 3.1 to verify the condition (iv) in Theorem A. For any r ∈ N, let
M(r) be the submanifold ofM consisting of bricks intersecting the r-ball centred at
x∞ with respect to the metric induced from those on blocks. Then M(r) contains
only finitely many bricks by Lemma 5.2. If we take a sufficiently large n, then we
can pull back M(r) to Mn by ρ
−1
n . Since the pull-back of each brick is contained in
a brick of Mn, we can embed M(r) to S × (0, 1) by ηn ◦ ρ−1n preserving the vertical
and the horizontal leaves. Since M = ∪∞r=1M(r), by Lemma 3.1, we can embed M
into S × (0, 1) in such a way that every brick is mapped to a submanifold of the
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form F × J . Since the geometrically finite ends of Mn are peripheral, we see that
the same holds for M by Lemma 3.1. This completes the proof of (iv).
Finally, we shall show (iii), that there is no incompressible half-open annulus
tending to a wild end e with core curve not homotopic to an annulus component
of ∂M tending to e. Suppose, seeking a contradiction, that M has such an end
e to which an incompressible half-open annulus A tends, and that the core curve
of A is not homotopic into an annulus component of ∂M tending to e. Let {Hn}
be a sequence of properly embedded connected horizontal surfaces in M meeting
A transversely and tending to e. (Since every point lies on some horizontal leaf,
such a sequence of horizontal surfaces exist.) See Fig. 5.1 (a). For each n, the
  
(a) (b)
H1
H2
H3
A
e e
B'
Figure 5.1.
intersection A ∩Hn is an essential simple closed curve, which we denote by ln. By
our assumption, ln is not homotopic into an annulus component of ∂M tending to
e. Therefore, g(ln) either represents a loxodromic element or is homotopic into a
cusp which is disjoint from a small neighbourhood of e.
We first assume that g(ln) represents a loxodromic element. Let hn : Hn → N0
be a pleated surface properly homotopic to g|Hn realising ln as a closed geodesic,
which we denote by l∗. We should note that Hn is homeomorphic to an essential
subsurface of S. For any δ > 0, the pleated surfaces hn have an upper bound
depending only on χ(S) and δ for the diameters modulo their δ-thin parts. Since
there are only finitely many ε1-cusp neighbourhood within a bounded distance
modulo the δ-thin part of N from l∗ and the images of hn contain l
∗, by taking a
subsequence we can assume that the homotopy class of ∂Hn does not depend on n.
By the condition (ii) which we have already proved, this implies that the boundary
components ofM on which Hn lies does not depend on n. It follows that there is an
essential subsurface R of S such that all the Hn are vertically parallel to R×{1/2}
in S × (0, 1). (Notice that they may not be parallel in M . To be more precise, we
are claiming that the ιM (Hn) are vertically parallel to R×{1/2} for the embedding
ιM of M into S × (0, 1) obtained above. We omit to write ιM here.)
Let in : R → Hn be a homeomorphism compatible with a homotopy from R ×
{1/2} within S × {1/2} to Hn in S × (0, 1). Since the ln are homotopic to each
other in S× (0, 1), we can arrange the in so that there is a simple closed curve l on
R such that in(l) = ln for all n. Recall that there are only finitely many ε1-cusp
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neighbourhoods which hn(Hn) can touch. We extend l to a pants decomposition
P of R so that no curve is mapped to a curve freely homotopic into a cusp which
hn(Hn) can touch. We now consider the sequence of pleated surfaces hn ◦ in, which
realise P as closed geodesics. Since there are only finitely many cusps which we
must take into account, by applying the compactness of marked pleated surfaces
without accidental parabolics (5.2.18 in Canary-Epstein-Green [CEG]), we see that
passing to a subsequence, hn ◦ in converges to a pleated surface from a component
R′ of R \ α containing l, where α is a possibly empty union of disjoint non-parallel
essential annuli in R, uniformly on every compact subset of R′. It follows that
there exists n0 ∈ N, such that all hn ◦ in|R′ (n ≥ n0) are properly homotopic in
N0. Pulling back this to M , we see that there is no component of S × (0, 1) \M
which obstructs homotopies between the in|R′. Hence, the subsurfaces in(R′) ofHn
are vertically parallel in M for all large n. Therefore, there exists a submanifold
R′ × [0, 1) embedded in M preserving the horizontal and vertical leaves, which
contains a neighbourhood of the end of A such that R′ × {t} tends to e as t → 1.
See Fig. 5.1 (b).
We shall next show that we have the same kind product region even when g(ln)
represents a parabolic class. Let c be a cusp of N homotopic to g(ln). Then, we
consider a pleated surface hn : Hn \ IntN(ln)→ N0 taking ∂N(ln) to the boundary
of the cusp neighbourhood of c instead of the one realising ln as a closed geodesic,
whereN(ln) denotes an annular neighbourhood of ln. Even in this case, we have the
finiteness of pleated surfaces which can be reached from the δ-cusp neighbourhood
Uc of c within a bounded distance modulo the thin part. Therefore, as before, we
can show that the Hn are parallel in S × (0, 1) after taking a subsequence.
As before, we can consider a homeomorphism in : R→ Hn compatible with the
inclusion of R to S, and a sequence of pleated surfaces hn ◦ in : R \ IntN(l) → N
realising a pants decomposition P containing l none of whose curves except for l is
mapped to a cusp which can be reached by hn(Hn). Then as in the previous case,
there is a possibly empty union α of non-parallel disjoint essential annuli on R, and
for components R1, R2 of R \ (N(l) ∪ α) adjacent to N(l), which may coincide if l
is non-separating, the pleated surfaces hn ◦ in|R1 ∪R2 converge uniformly on every
compact set of R1∪R2. Let R
′ be R1∪R2∪N(l). Since the hn◦in|R
′ are homotopic
to each other for large n, we see that the subsurfaces in(R
′) on Hn are vertically
parallel to each other. This shows that there is a region R′ × [0, 1) embedded in
M preserving the horizontal and vertical leaves which contains a neighbourhood of
the end of A such that R′ × {t} tends to e as t→ 1.
In both cases, if every sequence of properly embedded connected horizontal sur-
faces tending to e is eventually contained in R′ × [0, 1), then R′ × [0, 1) constitutes
a neighbourhood of e, contradicting the assumption that e is wild. Suppose that
this is not the case. Then some component c of FrR′ is not homotopic to a core
curve of an annulus component of ∂M tending to e. Therefore, we can repeat
the above argument replacing A with c × [0, 1) ⊂ R′ × [0, 1) and get a larger sub-
surface R′′ properly containing R′ and an leaf-preserving embedding R′′ × [0, 1)
such that R′′ × {t} tends to e as t → 1. Since the topological type of S is fixed,
in finite steps, this process terminates, and we get a neighbourhood of e in the
form R0 × [0, 1) for some essential subsurface R0 of S (which might be S itself)
such that FrR0 × [0, 1) lies on ∂M . By our definition of brick decomposition of M
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this R0 × [0, 1) is contained in one brick and e must be simply degenerate. This
contradicts the assumption that e is wild. 
Proof of Corollary B. By Theorem A, there is a brick manifoldM having the prop-
erties listed in the theorem with a bi-Lipschitz homeomorphism g : M → N0. By
Lemma 3.1, M has at most countably many ends; hence so does N0.
Now, we turn to the second statement of our corollary. Let x be a point in
the convex core of N0 and y a point in M with g(y) = x. We can assume that y
does not lie in a geometrically finite brick since x is contained in the convex core.
Let Hx be a properly embedded connected horizontal surface containing x. If y
is contained in V∞[ku] for a constant ku as in the proof of Theorem A, then x is
contained in the ε1-Margulis tube and we are done. Otherwise, take a shortest loop
cx on Hx \ V∞[ku] passing through x. Recall that the moduli of the horizontal
surfaces outside V∞[ku] are uniformly bounded. Therefore, the length of cx is
bounded uniformly from above by a constant depending only on χ(S). Since g
is a K-Lipschitz map, the length of g(cx) is also bounded uniformly from above.
This shows that the injectivity radius at x is uniformly bounded from above by a
constant depending only on χ(S). 
5.3. Proof of Theorem C.
Proof of Theorem C. Let M be a labelled brick manifold satisfying the conditions
(i)-(iv) in Theorem A with end invariants given so that the condition (EL) is sat-
isfied. Let K be a brick complex with
∨
K = M . By Subsections 3.2 and 3.4,
we know that M admits a decomposition into blocks. We use the symbols V and
V [k] etc. to denote the unions of tubes inducing the decomposition into blocks as
before. This implies that the condition (BB) also holds. Since M is assumed to be
embedded in S × (0, 1), we often identify M and its image in S × (0, 1).
For a simply degenerate brick B = F × [s, t) in K, we consider a monotone
increasing sequence {pn} of positive numbers tending to t such that, for any n ∈ N,
every component of F×{pn}\IntV is homeomorphic to Σ0,3 and B(pn) = F×[s, pn]
contains at least n components of V [0]. We construct B(pn) in the same way when
B = F × (t, s], just turning everything upside down. Let {Kn} be an ascending
sequence of finite brick complexes with
⋃
nKn = K. We may choose such Kn so
that Mn =
∨
Kn is connected for any n ∈ N. Since all geometrically finite bricks
in K are peripheral in S× (0, 1), the number of them is at most −2χ(S). Hence we
can choose {Kn} so that K1 contains Kgf .
Consider a brick complex K−n obtained from Kn by replacing every simply de-
generate bricks B in Kn with B(pn), and set M−n =
∨
K−n . For a simply degenerate
brick B in Kn and for all i ≥ n, the brick B is contained in Ki since {Ki} is as-
cending. Since B =
⋃
i≥nB(pi) by our definition of B(pn), we have B ⊂
⋃
iM
−
i .
Therefore we see that M =
⋃
nM
−
n .
We fix a base point x0 in M
−
1 ∩M [0]. Let Wn[0] be the component of M
−
n ∩
M [0] containing x0, and Wn the union of Wn[0] and the components V [0] whose
boundaries lie on ∂Wn[0]. By the definition of Wn, we have Wn ⊂ M−n ∩ M
0.
For any n ∈ N, there exists m ≥ n such that every component of V [0] intersecting
M−n is contained in the component ofM
−
m containing x0 since there are only finitely
many components of V [0] intersectingM−n . This means in particular thatM
−
n ∩M
0
is contained in Wm, and hence that
⋃
mWm =
⋃
n(M
−
n ∩M
0) = M0. Taking a
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subsequence if necessary, we may assume that W1 contains all of the geometrically
finite bricks in K.
Let Vextn be the union of components of V \ IntWn intersecting ∂Wn. It should
be noted that Vextn might contain a component of V \ V [0]. By the definition of
Wn, each component of Wn ∩ Vextn is an annulus. Since M [0] is acylindrical, there
is no essential annulus A in Wn with ∂A ⊂ Wn ∩ Vextn . Still there might be an
annulus A in S × (0, 1) with ∂A ⊂ Vextn . Figure 5.2 illustrates such a situation.
By the acylindricity of M [0], for such an annulus A, either there is a tube VA in
V obstructing A, or A goes out of M (i.e. A cannot be homotoped into M). In
the latter case, A must go out from a simply degenerate end B. Since the core
curves of V converges to an ending lamination, which is filling, we see that also in
this case there is a tube VA in V obstructing A. Since there are only finitely many
homotopy classes of such annuli, we can choose finitely many pairwise disjoint tubes
V ′1 , . . . , V
′
m in S × (0, 1) \Wn which obstruct all of such annuli. We note that all of
these tubes V ′1 , . . . , V
′
m are chosen from V . Then setting V
′
n = V
ext
n ∪ V
′
1 ∪ · · · ∪ V
′
m
and Zn = S × (0, 1) \ V
′
n in S × (0, 1), we see that Zn is an acylindrical finite
brick manifold with a brick decomposition Ln extending Kn|Wn . (Figure 5.2 is
an example of Zn.) Note that Zn is not necessarily a subset of Zn+1 although
Wn ⊂Wn+1.
Since Wn contains all geometrically finite bricks of K and they are peripheral,
we have ∂∞M ⊂ ∂∞Zn. Using the conformal structure given on ∂∞M , we regard
Zn as a labelled brick manifold. We can take tight tube unions so that their
restriction to Wn coincide with V ∩Wn. As was shown in §3.4, these tubes induce
a decomposition of Zn[0] into blocks. By the condition (BB) in §3.4, the closure
of each component of ∂Wn \ Vextn is homeomorphic to Σ0,3. For any B in Ln
with ∂±B ∩ Vextn 6= ∅, each component of ∂±B \ IntV
ext
n is homeomorphic to Σ0,3.
Therefore, this block decomposition of Zn[0] can be taken so that is restriction to
Wn is equal to the original block decomposition on Wn[0]. As in §3.5, we define a
model metric on Zn[0] using the blocks and the conformal structure on ∂∞Zn, and
the model metric on Zn[0] is extended to the one on Zn so that each component of
Zn \ Zn[0] is a Margulis tube. Since dZn(x0, Zn \Wn) goes to ∞ as n → ∞ with
respect to the model metric dZn on Zn, the geometric limit of {Zn} is equal to the
geometric limitM0 of {Wn}. It is easy to check that Zn is irreducible and atoroidal.
By Thurston’s uniformisation theorem for atoroidal Haken manifolds [Th2] (see
Morgan [Mo] and Kapovich [Ka] for the proof), there exists a geometrically finite
hyperbolic 3-manifold Nn with a homeomorphism fn : Zn → (Nn)0 which can be
extended to the conformal map from ∂∞Zn to ∂∞Nn. By Theorem 4.1 (or the
original bi-Lipschitz theorem by Brock-Canary-Minsky), we may assume that fn is
a K-bi-Lipschitz map. Since the geometric limit of Zn based at x0 is M
0, by the
Ascoli-Arzela` theorem, {fn} converges uniformly on any compact set of M
0 to a
K-bi-Lipschitz map f : M0 → N0, where N is a geometric limit of Nn. By our
construction of block decomposition of M [0], each simply degenerate brick F × J
has a sequence of tubes whose longitudes ln regarded as simple closed curves on
F converge to the ending lamination ν(e) given on the end e contained in F × J .
By our definition of the metric on M0, and the Lipschitzity of f , the lengths of
the ln with respect to the model metric on M
0 are uniformly bounded. Since f
is bi-Lipschitz, the closed geodesics l∗n in N freely homotopic to f(ln) have also
uniformly bounded lengths. This shows that l∗n must tend to the end f(e) by the
58 KEN’ICHI OHSHIKA AND TERUHIKO SOMA
V1
V2
V3
V4
V5
x0
V'1 V'2
Y
B( p  )n
X
Figure 5.2. This figure illustrates Zn. The shaded region repre-
sents Wn and the union of black rectangles is V ′n. B(pn) ∈ K
−
n
is contained in a simply degenerate brick B in Kn with B =
B(pn) ∪X . V1 splits M−n into Wn and Y = M
−
n \Wn. V2 and V3
(resp. V4 and V5) are components of Vextn parallel to each other in
S × (0, 1). V ′1 (resp. V
′
2 ) obstructs an annulus between V2 and V3
(resp. V4 and V5).
argument of §§6.3-6.4 of Bonahon [Bon]. Therefore, the end f(e) of N0 has the
ending lamination f∗(ν(e)).
Let Gn be a Kleinian group with H3/Gn = Nn. By the main theorem of [Oh3],
there is a sequence of geometrically finite hyperbolic 3-manifolds Nkn = H
3/Gkn
without Z-cusps such that Gkn converging algebraically to Gn. We can choose N
k
n so
that the domain of discontinuity of Gkn converges to that of Gn by defining G
k
n to be
obtained by pinching the conformal structure at infinity along curves corresponding
to the Z-cusps of Nn and using Lemma 3 of Abikoff [Ab]. By Proposition 4.2 of
Jørgensen-Marden [JM], this implies that Gkn converges strongly to Gn as k →∞.
By performing hyperbolic Dehn surgeries along the torus cusps of Nkn of type (1, un)
with sufficiently large un ∈ N, we have quasi-Fuchsian manifolds N
′k
n geometrically
approximating Nkn closer and closer as k →∞ as was shown in Bonahon-Otal [BO]
and Ohshika [Oh1]. This gives rise to a sequence of quasi-Fuchsian manifolds N
′k
n
converging geometrically to Nn as k → ∞. By the diagonal argument, we have
a sequence of quasi-Fuchsian manifolds N ′n converging geometrically to N . This
completes the proof of Theorem C. 
5.4. Proof of Theorem D.
Proof of Theorem D. Let G1 and G2 be non-elementary geometric limits of Klei-
nian surface groups isomorphic to π1(S) preserving the parabolicity, and f : N1 =
H3/G1 → N2 = H3/G2 a homeomorphism preserving their end invariants. We
may assume that f((N1)0) = (N2)0. By Theorem A, there exists a brick manifold
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M and a homeomorphism η1 : M → (N1)0 preserving the end invariants. Then
the composition η2 = f ◦ η1 : M → (N2)0 is also a homeomorphism preserving
the end invariants. By Theorem 4.1, we can properly homotope η1 and η2 to K-bi-
Lipschitz homeomorphisms, which we denote by the same symbols η1, η2. Therefore
η2 ◦ η
−1
1 : (N1)0 → (N2)0 is a bi-Lipschitz homeomorphism preserving the end in-
variants, which can be extended to a bi-Lipschitz map Φ : N1 → N2. This Φ can
be lifted to a bi-Lipschitz homeomorphism Φ˜ : H3 → H3 between the universal cov-
erings, which is equivariant with respect to the covering translations. Furthermore
Φ˜ is extended to a quasi-conformal homeomorphism Φ˜∂ on the Riemann sphere Ĉ
such that Φ˜∂ |ΩG1 is a conformal homeomorphism from ΩG1 to ΩG2 . On the other
hand, by Corollary B, the injectivity radii in the convex cores of our manifolds N1
and N2 are bounded above. This makes it possible to apply McMullen’s generalisa-
tion (Theorem 2.9 in [Mc1]) of Sullivan’s rigidity theorem, and we see that η2 ◦η
−1
1 ,
which is properly homotopic to f , is properly homotopic to an isometry. 
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